
1 INTRODUCTION 

The task of mitigating the exposure of infrastructure 
to seismic risk is crucial in many parts of the world. 
In the immediate aftermath of a major earthquake, 
appropriate decisions can significantly reduce the 
severity of the consequences, and information is cru-
cial to guide these decisions.  

The manager of the infrastructure can usually rely 
on a broad range of information. One of the most 
relevant of these is an estimation of the intensity of 
ground shaking, such as that provided by the on-line 
platforms ShakeMap and ShakeCast that are devel-
oped and maintained by the United States Geological 
Survey (USGS, 2008). However, many uncertainties 
involved in the risk assessment are not reduced by 
this information. These include the uncertainty in the 
vulnerability of the structure to a given ground mo-
tion. 

Suppose a monitoring system is installed on a 
bridge within a transportation network. The infor-
mation gained from this system is more closely re-
lated than the seismic excitation to the damage expe-
rienced by the bridge and, therefore, it is more 
relevant for decision-making in the aftermath of the 
event. If the measurements collected are processed 
in near real-time, the manager could select the opti-

mal level of operation of the network depending on 
the outcome of the monitoring system. 

Infrastructure owners must optimally allocate 
scarce funds among competing objectives. Even if 
we restrict our attention to funds strictly devoted to 
mitigation of seismic risk, it is not easy to determine 
how to rationally distribute the available resources. 
Rehabilitation or retrofitting interventions are effec-
tive in reducing the structural vulnerability. Monitor-
ing systems, on the other hand, do not reduce the 
vulnerability of the structure – they only provide in-
formation about its state. Therefore, there is need for 
a decision-support tool that can assist facility owners 
to quantify the benefit of installing a monitoring sys-
tem versus performing rehabilitation actions. 

A monitoring system is useful only insofar as its 
measurements influence decisions on the operation 
of the structure. The overall value of the system de-
pends on the frequency of seismic events, of their 
consequences, on the level of uncertainty in the af-
termath of an earthquake and of the quality of infor-
mation provided by the sensing devices. One metric 
to rank the effectiveness of a monitoring system is to 
predict the reduction in the uncertainty when its re-
cording is processed. However, this metric is not 
sufficient to guide the decision on the installation of 
the system, as it provides no clue on how this re-
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duced uncertainty improves the decision-making 
process. 

A more rational metric for ranking is the concept 
of Value of Information (VoI), which measures the 
difference between the expected utility (or loss) with 
and without the information provided by the moni-
toring system. The reader is referred to Pozzi & Der 
Kiureghian (2011a) for a general introduction to this 
topic. In the case of seismic risk mitigation, we 
compute the VoI by comparing two post-earthquake 
scenarios: in one the decision maker relies on an in-
tensity measure only, while in the other s/he can also 
observe the outcome of a monitoring system and bet-
ter tune the decision. 

Section 2 of this paper introduces the decision 
problem and performs a parametric study of the VoI 
under a set of idealized hypotheses. Generally, the 
computation of the VoI involves probabilistic mod-
els of the seismic excitation, the structural response, 
and the sensor output. When these models are com-
plicated, the computation can turn out to be expen-
sive. The reader is referred to Bensi et al. 2011 for 
an investigation of the VoI for a road infrastructure, 
based on discretization of the random variables. To 
obtain an approximate estimation, in Pozzi & Der 
Kiureghian 2011b we proposed to perform Monte 
Carlo simulations followed by a non-parametric es-
timation of the expected loss. In Section 3, we re-
view this method and provide an assessment of its 
accuracy, both theoretically and in comparison with 
analytical results that are available for the example. 

2 POST-EARTHQUAKE MANAGEMENT 

2.1 Definition of loss matrix 

We focus our attention on a single structure, a 
bridge, in the immediate aftermath of an earthquake 
of significant magnitude. We assume that at time ∆T 
after the event the bridge will be inspected and the 
actual damage induced by the earthquake will be 
discovered. Consequently, when informed of the re-
sults of the inspection, the manager will take the op-
timal maintenance action, including repair or retro-
fitting, as necessary. Given this assumption, any 
information collected before the inspection is practi-
cally irrelevant for the decision problem after the in-

spection. The VoI of any monitoring system has to 
be connected with what happens before the inspec-
tion, and we focus our attention on the risk of an in-
cident during the waiting time ∆T. 

Figure 1a shows a decision graph (Jensen & Niel-
sen 2007) to model the consequences of the decision 
A, regarding the operation of the structure during 
time ∆T. The manager may decide to keep the bridge 
in full operation up to the time of inspection, or s/he 
may decide to close it. Node Lo indicates the opera-
tive loss in period ∆T, depending on the selected ac-
tion A. The action also influences the probability that 
an overload occurs in that period, which is repre-
sented by the variable OL in the graph. The damage 
state d of the bridge is related to the variable RC, 
which indicated if, because of the consequences of 
earthquake, the bridge reaches a residual reduced ca-
pacity insufficient to bear an overload. The overload 
and the reduced capacity of the structure define the 
probability of an incident (IN) occurring, leading to 
additional loss Li. We can marginalize variables RC, 
OL and IN and reduce the graph to the form reported 
in Figure 1b, which only includes the loss L, the 
damage state d and action A. To do so, we further 
assume that variables RC, OL and IN are binary, and 
denote PRC(d) as the probability of the reduced ca-
pacity given damage state d and POL(A) as the prob-
ability of the overload event given action A. Moreo-
ver, we assume that an incident occurs if an overload 
occurs on bridge with reduced capacity, and that Li is 
nil without incident and equal to LINC if an incident 
occurs. Then the expected loss given A and d is: 

( ) ( ) ( ) ( )ALLAPdPdAL oINCOLRC +⋅⋅=,  (1) 

Equation (1) assumes that we can sum the contri-
bution of the operational loss (Lo) and of that related 
to an incident (Li) into an overall loss L. Note that 
when action A and damage d are in discrete form, 
L(A,d) is a table, which we denote as the “loss ma-
trix.” 

Table I reports an example of values for PRC(d), 
POL(A), LINC and Lo(A), which leads to the loss ma-
trix depicted in Figure 2e. We assume three actions 
are available: do nothing and leave the bridge in full 
operation (DN), reduce the traffic (RT), or close the 
bridge (CL). The damage to the bridge is classified 
in 5 levels. As in the example reported in Pozzi & 
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Figure 1. Original (a) and reduced (b) decision graph. 

Table I. Conditional probability tables and expected 
loss values for decision graph in Figure 1a 
 _______________________________________ 
A DN RT CL  _____________________________ 
POL(A) 50 15 0 [%]  _____________________________ 
Li(A) 0 50 150 [K$] _______________________________________ 
d I II III IV V  _____________________________ 
PRC(d) 0 1 5 15 90 [%] _______________________________________  
LINC 10 [M$] _______________________________________  



Der Kiureghian (2011b), the damage levels refer to 
the state of the hinge at the base of the pier of the 
bridge. These levels are respectively: “no damage,” 
“cracking,” “yielding of steel,” “spalling of con-
crete” and “ultimate state.” 

2.2 An idealized model for the decision problem 

The graph reported in Figure 1b is embedded in a 
larger decision problem, where the structural damage 
depends on the seismic excitation and on the struc-
tural response. To formalize this problem, we refer 
to the graph described in Figure 2a. In this section, 
we outline a set of simplified hypotheses in order to 
find a closed form, exact solution for the VoI. 

In Figure 2a, node im denotes the ground motion 
intensity measure, which is selected as the spectral 
amplitude at the nominal fundamental period of the 
structure. The local seismic intensity is measured by 
variable yi, which is related to the true intensity by 
the formula yi = im·εi, in which factor εi represents 
the measurement error. We assume that the maxi-
mum top drift experienced by the bridge during the 
earthquake is indicated by variable δ, and that the 
top drift and the intensity measure are related by a 
multiplicative formula: δ = im·f·εδ, where f = (Tr/2π)2 
is the modal flexibility of the structure, and factor εδ 
takes into account the uncertainty in the evaluation 
of f and the modal error. This assumption is con-
sistent with the well-known “equal displacement” 
hypothesis, provided that the dynamic response of 
the structure is governed by the fundamental mode 
of period Tr. We assume to measure the top drift by 
variable yo = δ·εo, which models the outcome of a 
monitoring system, where factor εo represents the 
measurement error. 

Error terms εi, εδ and εo and intensity measure im 
are assumed to be log-normally distributed, and con-
sequently so are variables yi, δ and yo, as reported in 
Table II. 

The damage d experienced by the structure de-
pends on the top drift, as defined by the fragility 
curves reported in Figure 2d. We assume the damage 
can be observed through a preliminary visual inspec-
tion, leading to outcome yv. Note that this model is 
simplified not only because all variables are assumed 
to be log-normally distributed and all relations have 
product form, but also because we assume damage d 
is conditionally independent of the intensity measure 
im, given the top drift δ. Actually, because the re-
sponse δ depends on the structural parameters (e.g. 
the flexibility f) and these can also affect the damage 
level, this hypothesis is an idealization. 

In summary, we are considering three possible 
observations: on the seismic intensity im, on the 
structural response δ, and on the actual damage d. 
Given the structure of the decision graph, it is appar-
ent that observation of d is topologically more rele-

vant than that of δ for the decision making, which in 
turn is more relevant than the observation of im. If 
any one of these observations is perfect, any previ-
ous observation becomes irrelevant. However, in the 
general case with uncertainty in the observations, the 
rational manager has to process all the available in-
formation before deciding on action A. 

With this set-up, we now wish to evaluate the VoI 
of observing the response δ (as variable yo) when the 
observation of the seismic intensity im (by variable 
yi) is available, depending on the possibility of the 
visual inspection (by variable yv). 

2.3 Preliminary visual inspection 

Node yv in Figure 2a indicates that the manager has 
access to an observation of the damage state of the 
bridge, before making decision A. For example, sup-
pose that a preliminary visual inspection is sched-
uled just after the earthquake. In the application pre-
sented here, we restrict our attention to a special case 
where the computational burden of determining the 
VoI of yo is virtually unaffected by the visual inspec-
tion. Suppose that the visual inspection can detect 
with certainty only some special states (e.g., severe 
damage states that are clearly visible), while the re-
maining states are completely indistinguishable. To 
formalize this condition, partition the set D includ-
ing the nd discrete damage states in two groups: the 
set of the nob observable states (Dob), and that of nun 
unobservable states (Dun). Without loss of generality, 
we order the damage states so that the first ones are 
observable. Obviously, nob+nun=nd. The number of 
possible outcomes of the visual inspection is there-
fore nob+1, and the conditional probability table is: 
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It is intuitive that if the preliminary inspection de-
tects a state, the rational manager will take the best 
action according to the loss matrix L(d,A). We can 
formalize the problem as follows: define L*

PI
 (d) as 

 
Table II. Conditional probabilities and assumed val-
ues for the decision graph in Figure 2a 
 ______________________________________________ 
im p(im)=LN(λim,ζim) 
 with λim=0.75, ζim=0.83 (i.e. µim=3ms-2, σim=3ms-2)  ______________________________________ 
yi p(yi|im)=LN(log(im),ζεi) 
 with ζεi variable.  ______________________________________ 
δ p(δ|im)=LN(log(im)+log(f),ζεδ) 
 with ζεδ =0.28, f=25·10-3s2 (i.e. Tr=1s, σεδ =0.3)  ______________________________________ 
yo p(yo|δ)=LN(log(δ),ζεo) 
 with ζεo variable.  ______________________________________ 
ya p(ya|δ)=LN(log(δ),ζεa)  ______________________________________ 
yeq p(yeq|δ)=LN(log(δ),ζεeq) ______________________________________________  



the optimal loss given damage state d: 

( ) ( )dALdL
A

PI ,min* =  (3) 

The subscript PI indicates that this is the expected 
loss when the manager has Perfect Information about 
the actual damage from the preliminary inspection. 

Suppose that the available information, apart 
from the preliminary visual inspection, are grouped 
into vector y. The optimal loss, given y, is: 

( ) ( ) ( )∑
∈

⋅=
Dd

A
dALdPL ,min* yy  (4) 

The sum on set D can be partitioned into sums on 
sets Dob and Dun and, when variable yv is observable, 
the part on set Dob can be extracted from the mini-
mization, as we can assume that the manager will 
achieve loss L*

PI(d) if the damage has been ob-
served. On the other hand, yv provides no infor-
mation among set Dun. Hence, the expected loss 
when performing the visual inspection is: 
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It is apparent that L*
VI(y) ≤ L*(y), showing that 

the information gained from the visual inspection is 
always beneficial. 

Suppose now that we introduce a new loss ma-
trix, LVI(A,d), by the following formula: 

( ) ( )
( )
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We can express Eq. 5 in a new formula that closely 
resembles Eq. 4: 

( ) ( ) ( )∑
∈

⋅=
Dd

VI
A

VI dALdPL ,min* yy  (7) 

This shows that we can model the preliminary 
visual inspection simply by modifying the original 
loss matrix according to Eq. 6. To avoid a possible 
misunderstanding, we note that the above reformula-
tion does not imply that, for any given observation y, 
the action A chosen when the visual inspection does 
not detect a damage state is the same as that that the 
manager would have selected without any visual im-
paction available. Furthermore, since the loss matrix 
LVI(A,d) is independent of the action A for each ob-
servable state, the specific loss assigned to the mem-
bers of Dob is irrelevant for the decision making 
problem; that is, the real problem is restricted to the 
set of unobservable states. Nonetheless, the formula 
in Eq. 6 is the only one that correctly models the ex-
pected loss experienced by a rational agent. 

In the example depicted in Figure 2e, we suppose 
that a preliminary visual inspection can detect only 
the ultimate damage state (d = V). Note that if the 

manager choose to do nothing (DN) or to reduce the 
traffic (RT), the highest expected loss is related to 
the damage state d = IV, because the ultimate dam-
age, although leading to the highest probability of 
incident, will manifest itself in the preliminary in-
spection, allowing the manager to revise his/her de-
cision and close the bridge. 

2.4 Equivalent precision of the observations 

Given the assumptions outlined in Section 2.2, the 
probability distribution p(im,δ,yi,yo) is jointly log-
normal and so is any conditional or marginal distri-
bution. Figure 2b indicates that we can delete varia-
ble yv, according to the approach presented in Sec-
tion 2.3, substituting LVI for L, and we can 
marginalize variable im, so that the source measure 
yi is linked directly to the response δ (independent of 
yo given δ). 

We can also transform measure yi into variable ya, 
which is a direct measure of δ, by relation ya=δ·εa. 
The corresponding uncertainty parameter ζεa is set 
so that the posterior distribution of δ given ya has the 
same uncertainty as that of δ given yi: 
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This shows that the error in measurement ya, for a 
fixed δ, is not zero even when ζεi is nil, because of 
the uncertainty in the seismic intensity and in the 
structural model and response. Furthermore, uncer-
tainty ζεa is greater than or equal to ζεi, and the 
equality holds only if ζεδ is nil, because in this case δ 
is a deterministic linear function of im, and the only 
uncertainty is that expressed by ζεi. 

When the observation yo is also available, two in-
dependent observations of δ have to be combined in-
to a single observation yeq, with uncertainty parame-
ter ζεeq given by: 
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In this way, the set of observations is reduced to a 
single observation, directly on variable δ, whose un-
certainty is a function of the probabilities of the ob-
servations via Eqs. 8 and 9. 

Figure 2g shows an example for the values re-
ported in Table II. When no monitoring system is in-
stalled (equivalently, when ζεο is infinite), uncertain-
ty ζεeq

2 linearly depends on ζεi
2, as indicated by Eq. 

8. On the other hand, when ζεο is small, the contribu-
tion of observing yi is negligible. As an example, 
when ζεi=0.4 and ζεo=0.05, ζεeq is 0.536 when we 
consider only yi, and it is reduced to 0.0498 when yo 
is also taken into account. 



Discrete variable d can be marginalized combin-
ing the fragility curves P(d|δ) and loss matrix L(d,A), 
to derive the loss functions L(δ,A) reported in Figure 
2f. Doing so, we have reduced the initial graph to the 
form of Figure 2c. For every value of the equivalent 
precision ζεeq, we estimate the optimal loss using the 
following formula: 
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which can be easily solved numerically, obtaining 
the graph reported in Figure 2h. The continuous line 
refers to the case when no preliminary visual inspec-
tion is considered, and the dash-dotted line corre-
sponds to the case when the preliminary inspection 
is available. The curves end up with horizontal plat-
eaus, corresponding to the case of no information. 
This is a limit case with no practical interest in the 
management of seismic risk, if we assume that the 
manager has always at least a rough estimation of 
the seismic intensity. The plateau for low values of 
ζεeq refers to the case when the top drift δ is ob-
served with absolute precision. As expected, the 
curves are monotonic, indicating that the better the 
precision, the lower the expected loss. The VoI for 
the example outlined above can be read as the dif-
ference between the loss for ζεeq equal to 0.536 and 
0.0498, and it corresponds to $7’118 with the pre-
liminary visual inspection and to $7’112 without it. 
As is apparent from the graph, the influence of the 
visual inspection can be appreciated only when the 
observation of the seismic intensity leads to a high 
equivalent uncertainty. This is consistent with the 
functions L(δ,A) reported in Figure 2f: the visual in-
spection only affects the curves related to the “Do 
Nothing” and “Reduce Traffic” options, and only for 
very high values of the drift (say for δ > 20cm). But 
note that in that condition, actually from δ > 5cm, 
those actions are dominated by the option of closing 
the bridge. Hence, the change induced by the visual 
inspection is irrelevant, whenever the uncertainty pa-
rameter ζεi is sufficiently small. 

The dotted line in the lower part of the graph re-
ports the expected loss when perfect information on 
damage d is available. Note that perfect observation 
of the damage is about $11K more valuable than 
perfect information about the drift. 

3 A NUMERICAL APPROACH BASED ON 
NON-PARAMETRIC REGRESSION 

In Pozzi & Der Kiureghian 2011b, we proposed a 
numerical method to estimate the VoI by Monte Car-
lo simulations. The method requires generating N 
samples of the variables in the graph, and to extract 
the set {y(k), L(A)(k)}, for k=1,…,N. Vector y groups 
the available observations, while variable L(A) indi-
cates the loss when action A is selected. These are 

intended as N i.i.d. samples from the joint distribu-
tion p(y,L(A)), and the method requires performing a 
non-parametric regression to estimate expected loss 
functions, rA(y), given observation y and action A: 

( ) ( ) ( )yy dpAdLr
Dd

A ∑
∈

⋅= ,  (11) 

To do so, each simulated loss is expressed as the su-
perposition of the expected loss and a random per-
turbation εA: 

( )( ) ( )( ) ( )k
A

k
A

k rAL ε+= y  (12) 

The regression makes use of a linear smoother 
(Wasserman 2005), allowing heteroskedasticity in 
the perturbations. 

Once the expected losses rA(y) are estimated, we 
define an approximate optimal policy on the set of 
the simulated outcomes. A policy π(y) = A is a map 
prescribing an action A depending of the observation 
y. The optimal policy is defined as that which leads 
to the minimum expected loss: 

( )( ) ( )( )[ ]k
A

A

k r yy minargˆ =π  (13) 

When we aim at estimating the benefit of observ-
ing yo, we consider two scenarios: in scenario α the 
manager has access to yi only, while in scenario β 
s/he makes use of both yi and yo. Hence, we repeat 
the regression twice: once neglecting the observation 
of the structural response (y = yi) and once consider-
ing both observations of the seismic intensity and of 
the response (y = [yi yo]). We obtain functions αrΑ(y) 
and βrΑ(y), and optimal policies πα ˆ  and πβ ˆ  respec-
tively for the two scenarios. 

Assuming the identified policies are followed in 
the two scenarios, we quantity the VoI of observing 
variable yo as: 

( )( ) ( )( )[ ]yy βα ππ ˆˆ LLEVoI −=  (14) 

where E[f] indicates the expectation of function f. 
We estimate this expectation using the same set of 
samples as used to determine the functions rA. The 
benefit of adopting policy πβ ˆ  with respect to πα ˆ  in 
the kth simulation is given by: 

( ) ( )( )( )( ) ( )( )( )( )kkkkk LLL yy βαβα ππ ˆˆ, −=∆  (15) 

The VoI is estimated by the sample average of these 
benefits: 
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Furthermore, the sample variance of the benefits, 
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can be used to derive the variance in the estimator: 



( )
N
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L∆=
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It can be shown that the estimator is biased for 
two reasons. First, the non-parametric regression 
does not provide an unbiased estimator of the ex-
pected loss. The linear smother is selected in order to 
minimize the predictive error, and this is accom-
plished by selecting the optimal trade-off between 
bias and variance of the estimator. In other words, 
we accept the estimator of the loss to be biased in 
order to minimize the error (Wassermann 2005). 
Furthermore, as shown by Oakley et al. (2010), even 
if the estimation of rA(y) was unbiased, the minimi-
zation involved in Eq. 13 can over-fit the simulated 
data, leading to upper-biased estimation of the VoI. 

To analyze the accuracy of this biased estimation, 
we perform a numerical analysis on the case study 
presented in Section 2, considering the case where a 
preliminary visual inspection is available. The out-
comes of 3,000 simulations are reported in Figure 3 
on coordinates [yi yo] for regression β (Fig. 3a) and 
on coordinates yi for the regression α (Fig. 3b). The 
outcome of the α non-parametric regression is re-
ported in Figure 3f: the continuous lines show exact 
analytical solutions, the dashed and the dotted lines 
show the mean and the plus/minus one standard de-
viation estimates respectively. The agreement is 
good except in the tails of the distribution, where 
few samples are generated. 

The estimated optimal policies are reported in 
Figures 3c and 3d for scenarios β and α, respective-
ly. In the latter case, the decision boundaries are ver-
tical, indicating that the action cannot be influenced 
by observation yo, as it is not available in that case. 
The policy prescribes to reduce the traffic when yi is 
greater than 0.65ms-2, and to close the bridge when 
yi is greater than 2.34ms-2. In the former case, the 
boundaries are almost horizontal, indicating that the 
observation of the response (yo), when available, is 
much more relevant than that of the seismic intensity 
(yi). If we approximate the boundary to be horizon-
tal, the new policy prescribes to reduce the traffic 
when yo is greater than 23mm, and to close the 
bridge when yo is greater than 59mm. 

The graph in Figure 3e shows the evolution of the 
estimator of VoI with the increasing number of sim-
ulations. The dashed line indicates the exact result, 
solid lines indicate the mean estimates, and the dash-
dotted lines represent mean plus/minus one standard 
deviation estimates. According to Eq. 18, the uncer-
tainty in the estimation is progressively reduced, 
down to a standard deviation of about 270$. It is to 
be noted that the prediction is consistent with the ac-
tual VoI along the plot, indicating that the bias of the 
estimator is not an issue, at least for this application. 

4 CONCLUSIONS 

Section 2 presented a framework to measure the VoI 
in a highly idealized context, when the structure of 
the graph is elementary. In that context, it is easy to 
investigate parametrically how the VoI depends on 
the uncertainty in the measurement of the structural 
response and the seismic intensity. However, as long 
as those simplified hypotheses do not hold, the ana-
lytical computation of the VoI becomes more expen-
sive. In Pozzi & Der Kiureghian (2011b), we pro-
pose a numerical scheme and applied it to a 
complicated decision graph. In Section 3, we provide 
an assessment of the accuracy of the estimation of 
that numerical technique, and we validate it on a 
simple case study. 

In general, we note that our procedure is general 
and it permits an explicit characterization of the risk, 
the available actions, and the system performance. 
Furthermore, it explicitly outlines the optimal policy 
in each scenario, which is relevant for the practical 
use of the data provided by structural health moni-
toring systems. 

The formulation for computing the VoI for a life-
span monitoring is reported in Pozzi & Der Kiu-
reghian (2011b). 
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Figure 2. a) decision graph for the operation of a structure after an earthquake; b) reduced graph; c) equivalent graph grouping the 
observations; d) fragility curves; e) loss matrix; f) expected loss vs the top drift; g) equivalent precision as a function of the precision 
in the observations; h) expected loss as a function of the equivalent precision. 
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Figure 3. a) simulated losses, observations of the seismic intensity and of the top drift; b) simulated losses vs observations of the 
seismic intensity; c) estimated optimal policy observing the seismic intensity and the top drift; d) estimated optimal policy observing 
the seismic intensity only; e) estimated VoI vs number of simulations; f) estimated loss vs observed seismic intensity. 


