
1 INTRODUCTION 
After a major seismic event, decisions about the use 
and management of transportation networks are cru-
cial to mitigate the losses induced by the earthquake. 
Post-event decisions include the dispatching of res-
cue teams, the scheduling of inspections, and selec-
tion of the operative level for each facility. In this 
process, managers must maintain an adequate level 
of safety without excessive reduction in the opera-
tion level of the network. 

In the reliability assessment of a road network, 
observations collected on one component (e.g. a 
bridge) influence our knowledge about the condi-
tions of other components. As the components are 
exposed to the same seismic event, we expect the 
excitations they experience to be correlated. Fur-
thermore, in the case of bridges, one may expect that 
capacities of structures with similar typologies to be 
positively correlated because of underlying common 
factors. Consequently, damage levels experienced 
by different bridges are expected to be positively 
correlated. 

This paper applies Bayesian network (BN) to the 
reliability assessment of a system of bridges. The 
unfamiliar reader is referred to the book by Jensen & 

Nielsen (2007) for a general introduction on BN, 
while application to network reliability is presented 
by Bensi et al. (2010). Here, we follow the research 
presented in Pozzi at el. (2012) and Yue et al. (2010) 
on using Gaussian BNs (GBNs) for real time updat-
ing of infrastructure systems. 

GBNs are a special case of BNs, in which each 
random variable is defined by a Gaussian marginal 
or conditional distribution and variables are linearly 
related to their parents. Cowell et al. (1999) and 
Murphy (2002) provide detailed descriptions of 
GBNs. We formalize the problem of seismic vulner-
ability using log-normally distributed random varia-
bles, so that by taking the logarithmic transformation 
we can map the problem into the normal space with 
linear relations. Using GBNs allows us to exactly 
include models available in the literature, notably 
ground motion prediction equations. 

In this work we focus on numerical methods to 
include observations on bridge damage states in the 
reliability analysis. This information cannot be inte-
grated directly into the GBN framework, because the 
associated likelihood function is non-Gaussian. Af-
ter introducing the GBN framework in Section 2 and 
applying it in Section 3, Sections 4 and 5 present an-
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ABSTRACT: A Gaussian Bayesian Network (GBN) is a special directed graphical model with conditional 
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observations, such as the observed damage state of a bridge, cannot be described by a Gaussian likelihood 
function. For example observing that a bridge has collapsed is equivalent to observing that the bridge capacity 
is lower than the seismic demand. To include this type of evidence in the model, we adopt numerical schemes 
based on importance sampling and Gibbs sampling. The proposed method is illustrated through its application 
to the reliability assessment of a large bridge network. 



alytical and approximate methods for making infer-
ence with non-Gaussian likelihood functions. Sec-
tion 6 presents a numerical application and Section 7 
draws conclusions. 

2 INFERENCE IN BAYESIAN NETWORKS 
WITH GAUSSIAN VARIABLES 

In this section, we recap the basic assumptions for a 
GBN, as presented in Pozzi et al. (2012). In a GBN, 
the joint probability of all variables is Gaussian, and 
consequently each marginal or conditional is Gauss-
ian as well. If vector  is a root in the BN graph, we 
require the joint distribution of  to be Gaussian. If it 
is a child, we require that its conditional distribution 
be of the form: 

| , ,  (1) 

where ∙, ,  is the multivariate Gaussian distri-
bution with mean vector  and covariance matrix , 
vector  lists all the parents of , matrix  and 
vector  define the linear relation between the par-
ents and the conditional expectation of variables , 
while  can be seen as the covariance matrix of a 
zero-mean noise term added to the linear combina-
tion of . 

It is convenient to express the normal distribution 
in its canonical form, which we refer to as ′: 

′ , , ≝ exp ,  (2) 

where ,  is a normalizing term. The precision 
matrix  and vector  are related to the covariance 
matrix and mean vector by the following relations: 

					  (3) 

Following the junction tree algorithm (Murphy, 
2002), we can group the variables of the GBN in 
cliques and separators, and propagate any observa-
tion on one or more variables to all remaining varia-
bles in the graph by exact inference. This can be 
done in the case of “hard evidence,” when the value 
of any variable has been exactly observed, or in the 
case of normal “soft evidence,” when the observa-
tion is defined by a Gaussian likelihood function. 

Suppose we observe the i-th component in vec-
tor  to assume the value y. Taking measurement 
uncertainty into account, we describe the observa-
tion by a Gaussian likelihood with mean value y and 
variance : 

| , , , ,  (4) 

This likelihood can be formulated in the domain of  
and propagates the information to all other variables. 

3 GBN FOR SEISMIC DEMAND AND 
NETWORK RESPONSE 

Details on how to formulate the reliability analysis 
in a GBN model are presented in Pozzi et al. (2012). 
We assume marginal and conditional log-normal 
distributions for demand and capacity values, so that 
the problem can formulated as a GBN in the loga-
rithmic space. The dependency in the seismic de-
mands for the bridge sites is captured by the correla-
tions between intra-event residuals, as proposed by 
Loth and Baker (2012), while the structural response 
is modeled by a single degree of freedom non-linear 
oscillator, according to the classical Newmark-Hall 
approach, as reported, for example, in Chopra 
(1995). The performance of structure  under the 
earthquake load is defined by a single limit state 
function , which equals the logarithm of the ratio 
of the ultimate ductility capacity to the ductility de-
mand. If  is less than zero, the structure fails. 

The GBN scheme for the infrastructure network 
is shown in Figure 1. Vectors Fy, a0, and g define the 
shear capacities, spectral accelerations, and limit 
state functions, respectively. The size of these vec-
tors equals the number of components in the net-
work. The prior joint distribution of a0 depends on 
the earthquake magnitude and epicenter location in 
accordance to an appropriate attenuation law. We 
assume that shortly after the seismic event these 
characteristics are determined with sufficient preci-
sion to be considered as deterministic. In the United 
States, for example, the Geological Survey provides 
this information with high precision a few minutes 
after an earthquake event. To model the epistemo-
logical correlation among the capacities of the 
bridges, we introduce a vector  of parameters. 

Node F refers to the state of the network and it is 
related to the state of the components, which is de-
scribed by the vector of limit state functions g. We 
assume F lists Boolean variables describing the oc-
currence of an event of interest on the road network. 

 
 

  
 
Figure 1. Bayesian Network scheme for the network reliability. 
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Events of interest may include failure of any in-
dividual component and the failure of any set of 
components that are arranged into a series or parallel 
system. The relation between limit-state functions g 
and system state F is usually defined in terms of a 
logical function, so that each component of F equals 
1 over a specific domain of vector g, and zero oth-
erwise. In the GBN framework, g is jointly normally 
distributed at any state of the updating process, and 
the domain boundaries defining F are linear. None-
theless, vector F does not fulfill the assumption of 
conditional normality and cannot be included direct-
ly in the classical GBN framework. 

4 INFERENCE AFTER GAUSSIAN AND NON-
GAUSSIAN OBSERVATIONS 

Observation on any variable included in the GBN, 
i.e. any component or linear combination of compo-
nents of the constituting vectors, can be exactly pro-
cessed. This includes measurement of acceleration, 
or evidence of damage that can be formulated as a 
Gaussian likelihood function on vector g, as present-
ed in Pozzi et al. 2012. In this Section, we focus our 
attention on observations related to vector F. Sup-
pose that, for example, we observe that the i-th 
bridge in the network has collapsed, or that two 
nodes in the road network have lost their connectivi-
ty. Below, we propose methods to take this observa-
tion into account in the reliability analysis, and ob-
tain the posterior probability on other components of 
F. Although the framework can be easily extended, 
we focus on the case of observation on the state of a 
single component. 

4.1 Observations on component damage 

Observation  that component  collapsed (or did 
not) during the seismic event is equivalent to the ob-
servation that  is negative (or positive). The likeli-
hood function related to that observation is not 
Gaussian, and can be modeled by a step function of 
the form 

Pr 1
0 otherwise

 (5)	

where the lower and upper bounds  and  depend 
on the observation . Specifically, the observation 
that component  has collapsed is modeled by 

∞, 0, and the observation that compo-
nent  has not collapsed is modeled by 0 and 

∞. After processing at least one observation of 
this type, the posterior distribution on vector  be-
comes a truncated multivariate normal (TMN) dis-
tribution, which we define in canonical form as: 

; , , , ≝

0 otherwise

 (6) 

At any time, the posterior on  is represented by a 
TMN distribution. The prior model and any observa-
tions related to a normal likelihood function are pro-
cessed by the GBN, as outlined in Section 2, updat-
ing parameters  and . Observations on component 
damage, modeled by step-functions, are encoded in 
vectors  and . In principle, we may propagate the 
observation encoded in vectors  and  to other vari-
ables in the graph (see for example the work of Yue 
et al. 2010), but here we restrict our attention to the 
updating of vector F. 

4.2 Analytical method to update reliability 

Let  denote the set of observations associated 
with normal likelihood functions and  those as-
sociated with step likelihood functions. The condi-
tional distribution  is then represented by a 
multivariate normal distribution. For this case, mar-
ginalization is an easy operation in moment form so. 
For each component , we obtain the normal distri-
bution  and, consequently, can compute 
the updated reliability of the component in terms of 
the cumulative normal distribution. Any link or path 
along the road network can be modeled as a series 
system of the set of components arranged along it. 
Let event 1 indicate that the set of components 
are operative. The updated probability 
Pr 1  can then be expressed in terms of a 
multivariate normal cumulative distribution (MNC), 
which can be computed efficiently by numerical 
methods, such as that in Ambartzumian et al. 
(1998). We can include observations  in the 
analysis by computing 

Pr 1	 ,
	,

 (7)	

where both the numerator and denominator can be 
expressed in terms of MNCs. 

By a similar approach, we can compute other 
features of the road network. For example, the con-
nectivity between two nodes (i.e. the probability that 
the nodes are connected by at least one operative 
path) can be solved by analyzing minimum cut or 
link sets. However, when the number of components 
is large, this computational approach may become 
too expensive. In the next section, we outline meth-
ods based on Monte Carlo simulation to obtain ap-
proximate results. 



5 MONTE CARLO METHODS FOR 
APPROXIMATE INFERENCE 

5.1 Rejection sampling 

Since the distribution  is jointly normal, it 
is easy to generate independent samples of limit 
state functions g. To do so, the main computational 
effort lies in the decomposition of the covariance 
matrix, e.g. by the Cholesky algorithm. 

When observations  are to be taken into ac-
count, the posterior distribution is TMN. In that 
case, we can generate samples by the rejection sam-
pling algorithm. We sample according to  
and reject all realizations not satisfying the con-
straints provided by the vectors  and . The proba-
bility that a given sample satisfies the constraints is 
given by Pr . After several observations 
of structural damage, this probability can become 
small and, consequently, most samples are rejected. 

5.2 Gibbs sampling 

Alternatively, we can use a Monte Carlo Markov 
Chain (MCMC) approach to generate samples from 
the TMN. To do so, it is convenient to partition the 
vector of limit-state functions into a sub-vector , 
listing all components whose states have been ob-
served by a step function likelihood, and  listing 
the remaining limit-state functions. The vector of 
variables and their mean vector and precision matrix 
are 

			 			 	 8 	

We use a two-step procedure: i) we generate a sam-
ple of  from the distribution , , 
which is TMV, and ii) generate a sample of  from 
the conditional distribution , , , 
which is jointly normal, by the direct approach men-
tioned in Section 5.1. 

To perform step i), we make use of the approach 
presented by Wilhelm (2013) after Kotecha and 
Djuric (1999). In a TMN distribution, each uni-
variate conditional distribution is truncated normal 
and we can generate a sample from it by the inverse-
CDF method. This is the basis for efficient Gibbs 
sampling. The conditional distribution for compo-
nent  is defined by 

| ; | , | , ,  (9) 

where vector  lists all components included in  
except ,  defines the truncated normal distribu-
tion in moment form, and |  and |  denote the 

conditional mean and variance respectively, which 
are obtained as 

| 																																								

| ,
	 10 	

where  and  are elements of the mean vector  
and precision matrix , respectively. For the sake 
of simplicity of the notation, we have not reported 
the observations on the right side of Eq. 9. Hence, a 
sample of the limit state function of component  can 
be generated as 

| | Φ 	 11 	

where Φ is the cumulative standard normal distribu-
tion and  is a sample uniformly generated in the 

interval ,  with  

Φ |

|
; 	 Φ |

|
	 12 	

Eq.11 can be re-formulated using vectors 

,  and constants  , which are 
computed before generating any samples. When 
these quantities are stored, sampling generation is 
computationally cheap: 

| Φ 	 13 	

Depending on the starting point in the Markov Chain 
and the correlations among variables, we may need 
to iterate the cycles on the components more than 
one time, to get a sample independently drawn from 
the marginal distribution on . Once we obtain this 
sample, we perform step ii), obtaining the compo-
nents in . To do so, we find the parameters of the 

conditional distribution , in canonical 

form: 

| 																																						

|
	 14 	

To generate samples, we use: 

	 15 	

where  is the Cholesky decomposition of the preci-
sion matrix | ,  and 

. All these matrices and vectors can be calcu-
lated beforehand, and random vector  is inde-
pendently generated in the standard normal space: 

~ , . 
With respect to the method presented in the pre-

vious section, the benefit of the MCMC approach is 
that samples are generated directly from the posteri-



or distribution that includes observations , so no 
samples need be rejected. 

5.3 Estimation of network performance 

From a generated sample , we can compute the 
state of any component in the network. For binary-
state components, the state of component  only de-
pends on the sign of . From the component states, 
we can deterministically compute if any link or path 
is operative and if any two nodes of the network are 
connected. For this purpose, we make use of an ap-
proach based on graph theory (Cormen et al. 2001). 
Adjacency matrix  is square, of dimension equal 
to the number of nodes in the road network. Element 
,  in the matrix is one if nodes  and  are directly 

connected by a link, and zero otherwise. We obtain 
the connectivity matrix  by 

	 16 	

where the connectivity matrix  is such that its 
element ,  is one if nodes  and  are connected 
by at least one path and zero otherwise, and  is the 
number of links in the network. Eq. 16 is based on 
the observation that if two nodes are connected, the 
connecting path can involve no more than  links. 

After we have generated  samples of the states 
of any set of components of the connectivity matrix, 
we estimate the corresponding probabilities by the 
arithmetical average of the simulated values, and the 
variance of this estimator is estimated as the sample 
variance divided by . In some circumstances, how-
ever, when the probability to be estimated is close to 
zero, the corresponding coefficient of variation may 
be too high, and we may select a method to reduce 
the variance, as explored in the next session. 

5.4 Importance sampling for variance reduction 

While in the previous sections we generated samples 
from the posterior distribution, here we generalize 
the approach by introducing an importance sampling 
distribution with the aim of reducing the variance of 
the estimator. Computationally, it is convenient to 
select a MVN or TMN distribution as the im-
portance sampling distribution.  

Any important sampling scheme requires com-
puting the value of the posterior distribution at the 
generated samples. When the posterior is a TMN 
distribution, this requires computing the integral in 
the denominator of Eq. 6, which may not be availa-
ble analytically. However, we can use a MC ap-
proach to estimate this integral as well by the so-
called “Self-normalized importance sampling” 

method (Koistinen, 2010). In this method, the prob-
ability of any event is estimated by  

∑

∑
 (17) 

where the indicator  is one if the event occurs in 
sample , and zero otherwise. It is known that this 
estimator it is not necessarily unbiased, but it is con-
sistent and the bias is negligible for large . The 
variance of the estimator is in turn estimated as 

var
∑

∑
 (18) 

Following the approach described in Section 5.1, 
we can select a TMN importance sampling distribu-
tion 

′ ; ,  (19) 

where the precision matrix  is the same as that for 
the target distribution. The weight  is propor-
tional to the ratio between the target and importance 
sampling densities at sample : 

exp 	 20 	

It is evident that when  is equal to , the 
weights are unitary, and estimation of the probability 
and variance are consistent with the rejection sam-
pling MC approach outlined in Section 5.1. Im-
portance sampling can also be used with the Gibbs 
sampling approach of Section 5.2, proposing 

; , , ,  as the importance sampling distri-
bution. In the next session we discuss how to select 
vector  in order to achieve variance reduction. 

5.5 Selecting the optimal importance distribution 

Parameter  influences the rejection rate and also the 
number of samples with the event of interest occur-
ing. A simple choice is to select  proportional to , 
by a scalar parameter : . We obtain uniform 
sampling for 1, while we generate samples 
from a zero mean distribution for 0. 

Usually, the reliability of civil infrastructure sys-
tems is high, and the probability to generate samples 
in the failure domain is low. Hence, it is reasonable 
to assume that a low  will increase the number of 
samples in the failure domain and consequently will 
reduce the variance in the estimator. 

To explore this strategy, in this section we study 
two components arranged as a series or parallel sys-
tem. We assume the corresponding limit-state func-
tions  and  to have mean values 0.5 and 0.6, re-
spectively, standard deviations 0.45 and 0.35, 
respectively, and a correlation coefficient of 40%. 
Consequently, the marginal probabilities of failure 



are 13.3% and 4.32%, respectively. Figure 2 shows 
the contour graph of the joint distribution and the 
boundaries of the failure domains for parallel and se-
ries systems. The dashed line connecting the origin 
to the mean of the target distribution indicates the 
locus of the mean of the importance distribution, 
varying parameter  from zero to one. 

Suppose components are arranged in a parallel 
system, in which case the probability of failure is 
3.1%. The solid line in Figure 3a reports the out-
come of the importance sampling procedure for var-
ying parameter . The standard deviation of the es-
timator is normalized with respect to that of uniform 
sampling. We note that the variance is reduced for 

1, down to a minimum of 0.54 at 0.28. In 
Figure 3b, observation  is that component 1 has 
failed, and the posterior probability of the system 
failure increases to 23%. The solid lines in Figure 3b 
report the effect of varying  in this condition. The 
optimal condition is now 0.24. 

Figure 3c reports the probability to obtain a 
sample consistent with the observation , i.e. the ac-
ceptance rate. This value corresponds to Pr  for 

1, and increases up to 0.5 for 0. This hap-
pens because, by reducing , we are assuming 
weaker components in our simulations, and this is 
consistent with the pessimistic observation that we 
have collected. 

In the Figure 3b, we also report the correspond-
ing line for the MCMC approach outlined in Section 
5.3. With that scheme, for a fixed number of sam-
ples, the variance is reduced by the factor Pr | , 
because all samples are consistent with the observa-
tion encoded in the posterior. Again, for this applica-
tion we note an improvement by reducing , but 
now the optimal value is 0.59. This happens 
because, in the MCMC, we are not assuming weaker 
components to be consistent with the observation. 
 

 
 
Figure 2. Contour plot for the joint probability of vector  and 
failure domains for the series and parallel systems. 

In the same Figure, dotted lines are the results 
for a series system made of the same components. 
The prior probability of failure for the system now is 
19.4%. Again, in the prior condition, we note a ben-
efit in adopting 1; however, the optimal value 
now is 0.67 and the improvement is less than in 
the case of the parallel system. This is due to differ-
ent failure domains of the two systems. 

As is apparent in Figure 2, for the parallel sys-
tem the “design point” (i.e. the point with maximum 
probability in the failure domain) is in the origin and 
moving the mean of the sampling distribution to-
wards the origin has a significant impact on the vari-
ance. In the series system, on the other hand, the 
global design point is on the -axis, and a second 
local design point is on the -axis. The rate of sam-
ples in the failure domain is already high for 1 
(it is equal to the prior probability of failure). 

In Figure 3b, we consider observation  that 
component 1 is operative. The posterior probability 
of failure is now 7.0%. We note a benefit in reduc-
ing , with an optimal value at 0.52. However, since 
the observation  is that one component is operative, 
reducing  increases the rejection rate, as is apparent 
in Figure 3c. In the MCMC approach, variance is 
again reduced, and the optimal value occurs at 

0.32. It is lower than the previous result, as the 
negative effect on the rejection rate is not an issue 
with MCMC. 
 

 
 
Figure 3. Standard deviation of the estimator of the probability 
of failure vs parameter : prior (a) and posterior (b) conditions. 
Acceptance rate vs parameter  (c). 
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From this simple example we note that the opti-
mal sampling distribution depends not only on the 
joint probability of vector , by also on the compo-
nent-to-system relations (e.g. parallel or series) and 
on the observation collected on component states. 
Furthermore the optimal solutions in the MC or 
MCMC schemes may be different. Although it is 
hard to provide a general method for selecting opti-
mal , we can propose to perform a preliminary 
analysis using a small number of simulations, and 
use the outcomes as a guide for further simulations. 

We note that the use of  proportional to  is 
sometimes ineffective, especially in high dimen-
sions. This happens when probability density rapidly 
decays in the direction from the mean vector to the 
origin, so that the exploration is far from any rele-
vant design points. An alternative heuristic search 
direction is along the principal direction of matrix . 
Following this choice we have 

	 21 	

where  is the normalized principal eigen-vector of 
 and  is a scaling factor. This method is 

based on the observation that  defines the direction 
of the lowest decay of the distribution. 

6 NUMERICAL EXAMPLES 

The proposed method is applied to the reliability as-
sessment of the road network shown in Figure 4. 
The network connects 10 nodes using 17 links on 
which 35 components (bridges) are located. The 
network is spread over a 40km×40km region, and 
we assume a seismic event of magnitude 7.5 occurs 
with the epicenter in the position marked with a 
cross near the upper right corner. The seismic exci-
tation is modeled with the law calibrated by Akkar 
and Bommer (2010). 

The median spectral acceleration, at the natural 
period of each bridge ranges from 3.8ms-2 about 
10km from the epicenter, down to 1.2ms-2 about 
40km from the epicenter. The marginal probability 
of failure for each bridge, in the prior condition, is 
reported in Figure 4a. The maximum probability is 
27%. The probability that connectivity has been lost 
between the source and sink, as reported in the fig-
ure, is 2.21%. Figure 4b reports the marginal proba-
bilities of failure after processing the observation 
that spectral acceleration is 4.8ms-2 at the indicated 
bridge. Note that median prediction of spectral ac-
celeration was 3.1ms-2 at that location, and conse-
quently the probability of failure is higher. The 
probability of losing connectivity is now 3.93%. We 
now suppose to observe that one bridge, with 10% 
prior probability of failure, has actually failed. 

 
 
Figure 4. Marginal probabilities of failure for a network of 
bridges. Each square represents a bridge. Prior assumption (a), 
posterior belief after observing the value of a spectral accelera-
tion (b), posterior belief after observing that one of the bridges 
has collapsed (c). 
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Figure 4c reports the updated marginal probabilities. 
Again, because of the positive correlation, the prob-
ability of failure of other bridges is higher after the 
updating, and the new probability of losing connec-
tivity is 17.4%. 

Figure 5 explores the efficiency of the method 
proposed in the preceding section for reducing the 
variance in the estimator for the latter condition. 
Figure 5a reports the reduction of the standard de-
viation with respect to the uniform sampling ap-
proach, and the corresponding reduction using the 
MCMC approach. Figure 5b reports the correspond-
ing acceptance rates. Note that, according to Eq. 21, 
a positive  indicates a reduction in the mean value 
of . Figure 5b shows that this reduction is benefi-
cial with respect to the collected observation. 
 

 
 
Figure 5. Standard deviation of the estimator of the probability 
of losing connectivity between source and sink (a) and ac-
ceptance rate vs parameter  (b). 

7 CONCLUSIONS 

We have presented an updating methodology based 
on the Gaussian Bayesian network to assess the reli-
ability of a road network when observations on spec-
tral acceleration and structural damage are collected. 
The technique allows fast computation and it can be 
used for the simulation of large road networks, 
properly modeling the correlation among demands 
and capacities of the structures. 

The GBN is suitable for embedding surrogate lin-
ear models for describing the behavior of any com-
ponent. The vector notation allows a simple scheme 
and a fast formulation of the probabilistic network. 

Observations related to step functions can be in-
tegrates with exact formulas (for small systems) or 
with approximate methods based on simulations. We 
have provided guidance to appropriate numerical 
schemes for implementing these methods, with the 
scope or reducing the variance of the estimators. 
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