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ABSTRACT: Soft particle electrokinetic models have been used to determine
adsorbed nonionic polymer and polyelectrolyte layer properties on nano-
particles or colloids by fitting electrophoretic mobility data. Ohshima first
established the formalism for these models and provided analytical
approximations (Ohshima, H. Adv. Colloid Interface Sci. 1995, 62, 189).
More recently, exact numerical solutions have been developed, which account
for polarization and relaxation effects and require fewer assumptions on the
particle and soft layer properties. This paper characterizes statistical uncertainty
in the polyelectrolyte layer charge density, layer thickness, and permeability
(Brinkman screening length) obtained from fitting data to either the analytical
or numerical electrokinetic models. Various combinations of particle core and
polymer layer properties are investigated to determine the range of systems for
which this analysis can provide a solution with reasonably small uncertainty
bounds, particularly for layer thickness. Identifiability of layer thickness in the analytical model ranges from poor confidence for
cases with thick, highly charged coatings, to good confidence for cases with thin, low-charged coatings. Identifiability is similar for
the numerical model, except that sensitivity is improved at very high charge and permeability, where polarization and relaxation
effects are significant. For some poorly identifiable cases, parameter reduction can reduce collinearity to improve identifiability.
Analysis of experimental data yielded results consistent with expectations from the simulated theoretical cases. Identifiability of
layer charge density and permeability is also evaluated. Guidelines are suggested for evaluation of statistical confidence in
polymer and polyelectrolyte layer parameters determined by application of the soft particle electrokinetic theory.

■ INTRODUCTION
Because of polydispersity effects, it is typically difficult to
determine the thickness of adsorbed polymer layers on anything
other than model monodisperse colloids using light or neutron
scattering methods. This has motivated the use of other, less
direct methods to investigate adsorbed layer thicknesses on
natural colloids or otherwise nonideal colloids. One such
approach is to measure electrophoretic mobilities of polymer-
coated particles and apply soft particle electrokinetic theory1 to
extract one or more coating properties: layer thickness (d),
charge density (N), permeability or the Brinkman screening
length (λ−1), and the homogeneity (α) of the adsorbed layer.2

The term “polymer” includes both uncharged and charged
(polyelectrolyte) compounds. The need to characterize
adsorbed polymer layers on polydisperse colloids has recently
been motivated by efforts to understand how natural organic
matter or engineered polymeric coatings determine the environ-
mental fate and transport of engineered nanoparticles, as this will
determine the distribution of nanoparticles in the environment

and hence the potential for exposure of organisms to these
materials.3−5

Nanoparticle transport is greatly affected by deposition to
environmental media, which has been modeled using DLVO
theory.6,7 More recently, extended DLVO theory has been used
to account for the effect of macromolecule coatings, which
significantly change nanoparticle aggregation and deposition
behavior.3,4,8−10 Nanoparticles are typically manufactured or
deployed with macromolecular coatings for various purposes,
such as enhanced stability,3,11−13 biocompatibility,14,15 and drug
delivery.15,16 These coatings often include medium or high
molecular weight polymers such as poly(ethylene glycol)11,14,15

and polyelectrolytes such as poly(acrylic acid).17−21 Upon
release into the natural environment, nanoparticles also
encounter charged macromolecular natural organic matter
(NOM) such as humic and fulvic acids that will adsorb.22−28
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Charges in the coatings combined with osmotic and entropic
forces due to the macromolecule layer result in strong
electrosteric repulsion between nanoparticles or between
nanoparticles and environmental surfaces. In extended DLVO
theory, inclusion of the polymer layer thickness to account for
electrosteric effects significantly improves prediction of the
attachment of coated nanoparticles over previous models.4

Accurate measurements of layer thickness, which are typically
on the order of 1 to a few 10s of nm in length, are difficult to
achieve on nonideal polydisperse colloids. Soft organic layers
may not be easily observed via transmission electron microscopy
(TEM) and atomic force microscopy (AFM), and these
techniques may have artifacts such as sample drying or issues
with deconvoluting tip shape from nanoscale layer dimen-
sions.29−31 Ellipsometry can be used, but layers deposited on flat
surfaces may not be representative of those on high curvature
surfaces. Dynamic light scattering (DLS) results are obscured by
polydispersity in the underlying particle size,32 and multimodal
resolution is poor,33 yielding uncertainty in layer thicknesses
determined by comparing the measured hydrodynamic diameter
of bare and coated particles. Flow field−flow fractionation
(FFF)22 and disk centrifugal sedimentation (DCS)34 have been
used to determine the layer thickness of coatings on nano-
particles and provide better multimodal resolution,33 but broad
underlying particle size distributions still result in uncertainty in
the layer thickness estimate. An alternative method that yields
better confidence in layer thickness is highly desirable.
In lieu of direct experimental measurement, indirect

estimation of polymer layer parameters can be performed by

application of soft particle electrokinetic theory based on the
formalism of Ohshima.1 This theory describes the electro-
phoretic mobility of soft particles with hard particle cores as a
function of the hard particle surface charge or zeta potential, the
ionic strength of the suspension, and the three aforementioned
polyelectrolyte soft layer parameters: N, d, and λ−1. Ohshima
presented analytical approximations for perfectly homogeneous
layers without polarization or relaxation effects under the
assumptions κa ≫ 1, κd ≫ 1, and λd ≫ 1, where a is the hard
particle radius and κ is the Debye parameter. More recently,
numerical solutions have been developed, which relax the
aforementioned assumptions and account for polarization and
relaxation effects for direct and alternating current measure-
ments.35−39 Furthermore, some models allow for specification of
nonhomogeneous segment and charge distributions using an
additional parameter, α.35,36 Ohshima has also presented
analytical approximations eliminating restrictions on layer
thickness40 and including relaxation effects,41 but for an
uncharged particle core, which will not be considered in this
study.
Soft particle electrokinetic theory is applied to determine layer

parameters by fitting electrophoretic mobility data at several
ionic strengths. Published results are summarized in Table 1. The
analytical approximations1 have been applied to determine layer
properties for bacterial surfaces coated with fibrils or extracellular
polymeric substances (EPS),42,43 and nanoparticles or colloids
coated with polymers or polyelectrolytes.3,4,20,21,31,44,45 The
assumptions made are applicable for many typical cases,
especially for measurements at high ionic strength (∼100 mM)

Table 1. Published Values of Layer Properties Obtained Using the Soft Particle Electrokinetic Model

coating propertiesa

system studied model used N/NA (mol/m3) 1/λ (nm) d (nm)b

bacteria surface42 analytical,1 uncharged core 6−56 0.5−6.6 n/a
bacteria surface54 analytical,1 uncharged core 11−41 1.0−2.5 n/a
bacteria with EPS55 analytical,1 uncharged core 4−43 1.2−2.5 n/a
bacteria with EPS43 analytical,1 uncharged core 9−42 1.0−4.8 n/a
zirconia colloids with PAA coating21 analytical,1 uncharged core 1.1−8.1 6.5−19.1 n/a
magnetite nanoparticles with PAA coating20 analytical,1 uncharged core 0.7−14 4.7−24.3 n/a
NZVI with PSS, CMC, PAP coatings3 analytical,1 charged core 0.13−0.37 9.2−55 7.2−198
titanium dioxide, hematite, latex nanoparticles with
various synthetic and NOM coatings4

analytical,1 charged core 0.4−12.3 0.1−29 0.7−70

gold nanoparticles with HSA, creatine coatings44 analytical,1 uncharged core 1.4−10.1 0.5−16.9 n/a
natural rubber latex with protein/lipid coatings56 analytical,1 uncharged core 20−200 0.7−0.9 n/a
pNIPAM microgels45 analytical,1 uncharged core 1−24 1−4 n/a
gold nanoparticles with citrate, creatine, and human
serum albumin coatings44

comparison of analytical
models,1,36,40 uncharged core

1.4−10.1 0.059−2 measured (1 nm for citrate, 10
nm for creatine)

magnetite nanoparticles with citrate and IGF coatings53 analytical and numerical models,36

uncharged core
28.7−109.5 2−5 2.5−23

K. pneumoniae surface48 numerical,36 uncharged core 2.8−180 0.75−3.85 measured (2, 30, 160 nm for
various strains)

humic acid47 numerical,36 no core estimated, pH
dependent

0.25−0.55 measured (<1 nm)

S. salivarius surface49 numerical,36 uncharged core estimated, pH
dependent

1.2−1.9 literature/measured (23 nm
wall, ∼200 nm fibrils)

MS2 bacteriophage50 numerical,36 uncharged core estimated 1−1.9 literature (multilayer, 8.5 + 2.8 +
2.1 nm)

red blood cells52 numerical,36 uncharged core 50 0.6−1.9 literature (3−15 nm)
copolymer micelles with poly(styrene sulfonate)
corona51

numerical,35 uncharged core from segment
density (29, 2.6)c

3.3, 11.2 measured (37, 77 nm)

PEO-coated polystyrene lattices51 numerical,35 charged core uncharged 2.3−3.8d 13.8−27.3d
aObtained by model fitting unless otherwise specified. bLayer thickness is listed as “n/a” where it does not appear as a variable in analytical equations
for an uncharged core, taking the limit of either d ≪ a or d ≫ a in f(d/a). cCharge density was expressed in terms of λ during the model fitting, so
only λ was fitted. dData on adsorbed mass and hydrodynamic layer thickness were used to provide additional fitting constraints.
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where polarization and relaxation effects are lessened.46 More
recently, numerical models have been applied to more accurately
determine layer parameters and, in some cases, layer
homogeneity, for humic substances,47 bacterial surfaces,48−50

red blood cells,51,52 and macromolecule-coated nanopar-
ticles.51,53 Phenrat et al.3,4 and Viota et al.53 have fitted data to
obtain three layer parameters, d,N, and λ−1. The other references
either apply one of the analytical models for an uncharged core
with a charged soft layer (where layer thickness no longer appears
as a variable), or use measured or independently modeled values
for d and/or N. In general, EPS on bacterial surfaces have small
λ−1 (<5 nm) with high N. On the other hand, nanoparticles or
colloids with synthetic and NOM coatings have properties
spanning a wide range over all three parameters.
Statistical uncertainty in fitted parameter values is often

neglected, although parameter identifiability problems are not
uncommon in nonlinear, multiparameter models.57,58 Previ-
ously, Phenrat et al. accounted for uncertainty in the electro-
phoretic mobility data by repeating data regressions using
measured electrophoretic mobility values ± one standard
deviation.3 In addition, nanoparticle size polydispersity was
shown to have an insignificant effect on the modeled electro-
phoretic mobilities given a simulated particle set containing a
distribution of particle sizes.3 Hence, application of the model
may be advantageous in contrast to other methods that are
hampered by particle polydispersity issues. The effect of particle
polydispersity on the dynamic mobility (in an AC electric field)
has also been investigated by Ahualli et al.59 Sensitivity to fitted
parameters for experimental cases has been briefly discussed by
analyzing changes in electrophoretic mobility upon adjusting
fitted parameters, either holding measured parameters con-
stant47 or allowing them to vary.52 A qualitative discussion of the
sensitivity to segment distribution for a multilayer soft particle is
provided in the report from Langlet et al.50 Upon introducing the
electrokinetic model, Ohshima,1 Hill et al.,35 and Duval and
Ohshima36 discuss limiting cases and effects of various
parameters on electrophoretic mobility, from which some
inferences may be made regarding parameter identifiability.
Hill et al. acknowledge that the multiparameter model can be
poorly identifiable and assess dielectric spectroscopy as a
complementary technique to provide independent measures or
verification of layer parameters60,61 (this approach has yet to be
widely applied in practice62). Duval and Gaboriaud also suggest
coupling electrokinetic measurements and AFM.63 A clearer
understanding of which systems require these external measure-
ments will be useful for application of the electrokinetic model.
The primary objective of this study is to systematically and

quantitatively evaluate uncertainty in polymer and polyelec-
trolyte properties determined by application of either the
analytical1 or numerical35−37 soft particle electrokinetic models
for a charged particle core coated with a soft polymer or
polyelectrolyte layer. This study focuses on experimental
determination of layer thickness, while other studies tend to
assume a layer thickness measured independently by, for
example, DLS or ellipsometry. This study also assesses
uncertainty from a more rigorous statistical approach, which
has not previously been provided for the models. Likelihood
plots are used to demonstrate uncertainty in fitted layer
parameters, and sensitivity and collinearity indices are used as
quantitative indicators correlating with uncertainty. By system-
atically evaluating a broad range of particle and layer properties
and using quantitative indicators of uncertainty, a clear picture is
provided of the range of particle and polymer types for which

electrokinetic modeling provides good or poor certainty in
estimates of layer parameters. These analyses indicate that some
scenarios are not identifiable with a three-parameter electro-
kinetic model fit, while others can be amenable to this method
without necessarily requiring external measurements. Analysis of
experimental cases is conducted and sensitivity indices are
calculated and compared to the hypothetical cases. This analysis
determines systems for which the electrokinetic model can be
used to obtain well-resolved estimates of layer thicknesses of
nanoparticle or colloid coatings.

■ THEORY

Soft particle electrokinetic theory describes the electrokinetic
behavior of charged hard particles coated with a soft
polyelectrolyte layer, uniting previous theories for charged hard
particles and fully ion-permeable soft particles such asmicrogels.1

The polyelectrolyte layer changes the electrophoretic mobility of
a particle by (1) the presence of charges on the polyelectrolyte,
which changes the potential profile around the particle, and (2)
increased friction imparted by polymer segments, which
produces resistance to flow and shifts the “shear plane” away
from the hard particle surface. The resultant electrophoretic
mobility is therefore determined by the balance between the
electrical force and hydrodynamic resistance. It is noted that the
slipping or shear plane (and hence the “zeta-potential”) loses
meaning when a soft (permeable) layer is present, but the layer
thickness and permeability may be considered loosely
representative of the “effective” layer thickness, or the hydro-
dynamic thickness for uncharged layers.51

In the formalism presented by Ohshima, the hard particle core
is modeled as a sphere of radius a with uncoated zeta-potential ζ
or surface charge σsurf. The polyelectrolyte is modeled as a
homogeneous layer of thickness d with unit charges Zp and
homogeneous charge densityN (Figure 1). In numerical models,
inhomogeneous segment and charge distributions may be
modeled using an additional parameter, α, specifying the
distribution as a function of d.
The Brinkman screening length λ−1 relates to the drag of the

polymer segments and is representative of the permeability or
“softness” of the coating; the relation of λ−1 to the density and

Figure 1. Parameters in the soft particle electrokinetic theory: particle
radius, a; charge density in the polyelectrolyte layer, N; polyelectrolyte
layer thickness, d. The parameter λ−1 (not shown) is defined as the
Brinkman screening length and is representative of permeability to flow
although in reality, a true shear plane does not exist.
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properties of the polymer segments is described in detail
elsewhere.35,36 The bulk fluid is described by the relative
permittivity εr and viscosity η and contains i = 1,...,Nel species of
mobile electrolytes (e.g., Nel = 2 for Na+ and Cl−), with unit
charge zi, molar concentration ci or number concentration ni, and
ionic strength I (or Debye parameter κ).
The governing equations for the electrokinetic model are the

Navier−Stokes and continuity equations for incompressible fluid
flow around the particle:1,35,36
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where ⇀u (⇀r ) is the liquid velocity at radial position ⇀r , p is the
pressure, ψ is the electric potential, ρel is the mobile electrolyte
charge density, k is the friction coefficient for the polyelectrolyte
layer, λi̅ is the drag coefficient of the ith mobile ion, and μi is the
electrochemical potential of the ith mobile ion. The superscript
(0) denotes equilibrium conditions, and δ denotes perturbations
from equilibrium due to application of the electric field
(polarization and relaxation effects). The equilibrium potential
profile ψ(0) is given by the Poisson−Boltzmann equation,1,35,36

and λi̅=|zi|eF/λi
0, where e is the elementary charge, F is Faraday’s

constant, and λi
0 is the limiting conductivity (5.01 and 7.63

mS·m2/mol for Na+ and Cl−, respectively). For the equilibrium
potential problem, the boundary conditions are established as
zero potential far from the particle, and either (1) constant
potential or (2) constant charge (establishing the slope of the
potential profile) at the particle surface. For the flow problem,
the boundary conditions are set such that fluid velocity is zero at
the hard particle surface and is expressed in terms of the
electrophoretic mobility far from the particle surface. Thus, given
all other parameters describing the system (including d, N, and
λ−1), the electrophoretic mobility that satisfies the boundary
value problem is determined.
Ohshima’s analytical approximations are derived upon

neglecting polarization and relaxation (nonequilibrium pertur-
bations) and applying the assumptions that κa≫ 1, κd≫ 1, and
λd≫ 1, where the Donnan potentialψDON is attained in the layer.
For a charged hard particle with a polyelectrolyte coating, the
electrophoretic mobility ue is:
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where ε0 is the permittivity of vacuum, kB is Boltzmann’s
constant, and T is the temperature. ψ0, the potential at the

interface between the polyelectrolyte layer and the solvent, is
given by:
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The Donnan potential is given by
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κm is a modified Debye parameter accounting for the effect of
charges in the polyelectrolyte layer, and f(d/a) is a function of d/
a which ranges from 2/3 for d/a → 0 to 1 for d/a → ∞:
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= +
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Numerical solutions are derived from eqs 1 and 2 but relax the
assumptions on particle size and layer thickness and allow for the
specification of a parameter α to represent an inhomogeneous
segment and fixed charge distribution, where α = 0 represents a
completely homogeneous layer (with a discontinuous polymer/
solvent boundary). These numerical models also account for
polarization and relaxation effects by inclusion of the
perturbation terms. Various approaches have been presented to
solve the boundary value flow and electrostatic problems; for a
detailed treatment of the problem, the reader is referred to the
references.35−39

When the model is applied to fit experimental electrophoretic
mobility data, the bare particle zeta-potential ζ and coated
particle electrophoretic mobility ue are measured at several ionic
strengths I. Depending on how many parameters are
independently measured or assumed, one or more of the
polyelectrolyte layer parameters (N, d, 1/λ, and/or α) are
obtained by least-squares fitting to minimize error between the
experimental and modeled ue dependence on I.
It is emphasized that this study focuses on statistical

uncertainty in fitted parameters. Discussion of model accuracy
in representing physical details of experimental systems is
provided elsewhere.36,63 Discussion on whether the Brinkman
equation used to obtain λ−1 is applicable for soft layers on
particles has been presented.64 For this study, the fitted
parameters are assumed to remain constant over the ionic
strength range evaluated, although in reality the polyelectrolyte
layer may shrink at higher ionic strength due to charge screening.
Shrinking or swelling effects can strongly affect electrokinetic
phenomena: for example, pH-dependent swelling was observed
to have significant effects on streaming current measurements of
a soft thin film.65 Swelling behavior may be deduced by fitting N
and λ−1 at high ionic strength where α is insignificant and then
determining the α values that best represent each low ionic
strength datum.48,52 The relationship between layer parameters
and fundamental physical properties, and the effect of the
polymer on the underlying particle surface charge, have also been
explored.51 These issues pertain to model accuracy rather than
parameter identifiability but should be acknowledged upon
application of the model. The most accurate model representa-
tion is desired to determine accurate layer parameters. However,
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in poorly identified systems, accuracy might be achieved with
strong correlations (collinearity) among fitted parameters over
the range of conditions tested. This results in lower confidence in
predictions made for conditions outside of those used for model
fitting. Furthermore, in some cases (as here) the fitted parameter
values may be of equal or greater importance to the study as
compared to the model predictions (in this case, of electro-
phoretic mobility). As such, when identifiability problems
inherent in the model itself are significant for some scenarios,
this limits the utility of even the most physically accurate model.
In addition, uncertainty in fitted parameters due to imperfect
model representations may be small compared to uncertainty
due to poor identifiability. In application, the model should both
be accurate and allow for good identifiability of layer properties.
This paper addresses the latter topic.

■ METHODS
Simulated Cases. We begin with theoretically generated electro-

phoretic mobilities in place of experimental data to provide a
fundamental uncertainty analysis and to determine cases where
parameters are identifiable under ideal circumstances. Both Ohshima’s
analytical expression (eq 3)1 and the exact numerical model are used and
compared. The MPEK software for the numerical model35 was kindly
provided by Dr. R. Hill. Other approaches to the numerical solution
such as that by Duval and Ohshima36 are equivalent. It is emphasized
that the numerical model is necessary for the cases explored here where
polarization effects are extreme (high layer charge density) and for the
points that do not fit the constraints κa≫ 1, κd≫ 1, and λd≫ 1. Since
these cases are of interest for nanoparticle systems or thin coatings, we
include these cases but emphasize that the analytical model is not
appropriate in practice for these scenarios. However, analysis of the
analytical model for these cases is necessary as a starting point for the
identifiability analysis, because complete analysis of the numerical model
for every simulated case would be computationally prohibitive. The
comparison of the two models will also show how identifiability can
differ when using the more accurate numerical model.
The theoretical coated particle electrophoretic mobility data ue,true are

calculated at each of ten ionic strengths (5, 10, 15, 20, 30, 40, 50, 60, 70,
and 80 mM NaCl) using either eqs 3−7 (analytical model) or the
numerical model for chosen values of N, d, λ−1, and the bare particle
surface charge density, σsurf. The heterogeneity parameter α is set to
10−5d (nearly homogeneous) in the numerical model. Here, one of the
segment distributions f(r) defined in prior work is used:35,36

α= − −f r n n r a d( ) / (1/2)erfc[( )/ ]s 0 (8)

where r is the distance from the particle surface, ns is the segment
density, and n0 is the nominal segment density for a homogeneous layer
with equivalent number of segments and layer thickness d. The limit α =
0 specifies a completely homogeneous layer; as α increases to 1 and
higher, the distribution broadens.
While heterogeneity (nonzero α) can have significant effects on

electrophoretic mobility,36 we consider only the homogeneous case here
and acknowledge that inclusion of α as another fitted parameter, while a
more accurate physical representation of the system, can result in poorer
identifiability from a statistical viewpoint.
The fluid is taken to be water at 298 K with 1:1 electrolyte (ze = 1),

and the polyelectrolyte unit charge Zp is −1. The polyelectrolyte
parameters are assumed to remain constant in the range of ionic
strengths used. The bare particle radius a is chosen to be 20 nm.
A total of 180 cases are analyzed for all combinations of the following

parameters:

• Hard particle surface charge density, σsurf = −3 × 10−4, −3 ×
10−3, and −9 × 10−3 C/m2

• Polyelectrolyte layer thickness, d = 5, 10, 20, and 40 nm

• Ratio of the Brinkman screening length to layer thickness, λ−1/d
= 0.2, 0.5, and 0.8

• Polyelectrolyte layer charge density,N = 1020, 1022, 1024, 5× 1024,
and 1025 m−3 (number density)

The low and highN values above are equivalent toN/NA = 1.7× 10−7

and 16.6 × 10−3 M, respectively, whereNA is Avogadro’s number. These
values are chosen to encompass a broad range of systems of a
nanoparticle or colloid coated with synthetic or natural polyelectrolytes
(Table 1).

Experimental Cases. Three experimental cases are tested against
the findings from the simulations: (1) citrate-reduced gold (Au)
nanoparticles (15 nm primary particle diameter) coated with poly-
(ethylene glycol) (PEG) methoxy thiol, molecular weight 1000; (2)
magnetite (Fe3O4) nanoparticles (20−30 nm primary particle diameter)
coated with adsorbed poly(acrylic acid), degree of polymerization 157
or molecular weight ∼14 400 (PAA); (3) reactive nanoiron particles
(RNIP) (40 nm primary particle diameter) coated with adsorbed
polystyrene sulfonate (PSS), molecular weight∼70 000. RNIP has a Fe0
core and an iron oxide shell that is comparable to Fe3O4. Materials and
methods are fully described in the Supporting Information. Briefly,
PEG-coated Au nanoparticles were prepared and measured for this
study. Preparation of the PAA-coated Fe3O4 nanoparticles is described
previously.66 Electrophoretic mobility data for PSS-coated RNIP was
used as published elsewhere.3 Polymer was adsorbed to the particle
surface, and excess polymer was rinsed. Electrophoretic mobility was
measured at several ionic strengths for the bare and coated particles, at
pH 8.3 for Au and 8.5 for Fe3O4 and RNIP. Layer parameters were
obtained by weighted least-squares fitting of the numerical model as
described in the Theory section, where squared errors are weighted by
the variance in the associated data. It is noted that we assume the citrate
coating on Au nanoparticles (obtained upon synthesis by citrate
reduction) establishes surface charge immediately at the hard particle
surface and is neither part of, nor perturbed by, the soft PEG layer,
although other studies have treated similar systems as an uncharged Au
core with citrate contributing to the soft layer.44 Neither representation
is perfectly accurate, but this detail is outside the scope of this paper and
can be addressed in further studies.

Parameter Identifiability Analysis. Detailed descriptions of
parameter identifiability analysis for nonlinear models are provided in
Brun et al. and Bates andWatts.57,58 These analyses are typically used for
experimental data. Modifications to the procedure when using simulated
data are noted. In general, the model can be written Y = η(θ) + Z, where
Y is the observation vector (measured ue at 10 ionic strengths), θ
contains the set of three parameters (N, d, and λ−1), η(θ) represents the
outputs (modeled ue curve over 10 ionic strengths), and Z is the error
between the observed and fitted ue data. For simulated cases, Y is
modeled for a set of true parameters, and Z is then zero for the true
parameters.

Identifiability analysis considers sensitivity of the model to the
parameter(s) of interest and collinearity among parameters (their ability
to offset each others’ effects on the model output). Graphical
representations of exact parameter identifiability include conditional
and profile likelihood contour plots. Although these plots can require
significant computation time, they clearly demonstrate identifiability
problems for small models. Likelihood regions for nonlinear models are
analogous to confidence regions for linear regression analysis and
identify the parameter sets θ that can be obtained with 1− β confidence
given the experimental data. The likelihood region is defined based on
the weighted residual sum of squares (WRSS), S(θ), as follows:57

θ θ β≤ ̂ +
−

−
⎡
⎣⎢

⎤
⎦⎥S S

m
n m

F m n m( ) ( ) 1 ( , ; )
(9)

where S(θ̂) is the WRSS at the least-squares estimate θ̂. (The residual
sum of squares is weighted by the variance of the observed
electrophoretic mobility.) m is the number of parameters fitted, n is
the number of observations (ionic strengths), and F(m,n − m; β) is the
upper β quantile (β = 0.05 and 0.20 for 95% and 80% likelihood,
respectively) for the F distribution with m parameters and n−m degrees
of freedom.

Likelihood regions can be determined using eq 9 for experimental
data with a nonzero S(θ̂). Because S(θ) = 0 for the simulated data, the
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likelihood region would be a single point. Given that error will exist in
the measurement of electrophoretic mobility, we instead determine a
region where the error is within 4% relative to the true ue curve (typical
of error achieved in this lab for ue measurements of metal oxide
nanoparticles, ∼2−7%):

∑θ θ θη≤ ̂ + ̂
=

S S( ) ( ) (0.04 ( ))
i

i
1

10
2

(10)

where θ̂ is the simulated case used and S(θ ̂) = 0. In these cases, all error is
associated with the uncertainty in the measurement of ue and not with
the model fit. Here, the term “likelihood region” will be used loosely to
represent this region. For experimental data with higher error or fewer
data, rigorous likelihood regions (eq 9) will be larger than the region
defined by eq 10.
Pairwise two-dimensional likelihood contour plots are thus defined

by the likelihood function eq 9 for experimental cases or by eq 10 for

simulated cases. Hypothetical plots are shown in Figure 2. In conditional
likelihood plots, a grid of points is defined with axes representing a pair
of parameters (e.g., N from 0 to 10NA and d from 0 to 100 nm). At each
point, all parameters not shown on the axes are held constant at their
least-squares estimate. If S(θ) meets the criterion in eq 9 or 10 (meaning
that a fit of ue vs I curve is within acceptable error), the point is plotted.
Conditional plots show effects of pairs of parameters and can be used to
gauge sensitivity to individual parameters, but collinearity of the entire
set of parameters is neglected because some are held constant. In profile
likelihood plots, parameters not shown on the axes are fitted to achieve
the lowest S(θ), which is assessed per eq 9 or 10. Profile plots account
for collinearity of all parameters, so the profile likelihood region is larger
than the conditional region.
Because likelihood contour plots are computationally intensive to

produce and can become confusing to interpret for large models, Brun et
al. recommend computing sensitivity and collinearity indices.58 These
indices assume a linear model. Sensitivity, sij, expresses how much the
electrophoretic mobility η(θ) is expected to change due to a change of
Δθj in each of the three parameters and is calculated with eq 11.

υ
θ

=
Δ

= =s
SC

i n j m1, 2, ..., 1, 2, ...,ij ij
j

i (11)

where Δθj is a reasonable range of θj that can be expected based on
expert knowledge, SCi is a scaling factor on the electrophoretic mobility,
and υij is the derivative of ue,i = ηi(θ) with respect to parameter θj, taken
at θ = θ0, shown in eq 12:
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Here, θ0 is taken to be the least-squares estimate, θ̂, and the slope υij is
computed for each parameter using a linear approximation between the
points ηi(θj0) and ηi(1.1θj0), holding the other two parameters at their
values in θ0. Guidelines for choosingΔθj and SCi are presented in detail
by Brun et al. Briefly, Δθj scales and accounts for expected ranges in the
parameters (N, d, and λ−1), whereas SCi scales the electrophoretic
mobility by measurement uncertainty. Here, Δθj is taken as 1 mol/m3

forN and 1 nm for d and λ−1. SCi is chosen as |ηi(θ ̂)| for theoretical cases
because the measurement standard deviation is taken to be
approximately proportional to ue,i; therefore, the sensitivity index
describes the effect of parameters on ue relative to the true ue curve.

Sensitivity of ue to each of the j parameters (N, d, and λ−1) is
summarized over all n ionic strengths as the root-mean-square average
δj
msqr:58
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1

2

(13)

Lower δj
msqr indicates poorer model sensitivity, which implies that

parameter j may not be identifiable even when holding the other
parameters constant. It is noted that the exact values of δj

msqr will depend
on the values of Δθj, SCi, and the points used to compute υij; therefore,
these details must be kept consistent for comparison against the values
in this study. A sample calculation is provided in the Supporting
Information.

Collinearity indices are used to determine joint influence of
parameters. Collinearity can be calculated for the model for subsets K
of parameters, e.g., fitting all parameters together so K = (N, d, λ−1), or
two parameters while holding one at a known/estimated value, so K =
(N, d), K = (N, λ−1), or K = (d, λ−1). First, the sensitivity vectors sj (each
containing n values) for each j are divided by their norms to obtain
normalized sensitivities sj̃.

58
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|| ||
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j
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The collinearity index γK is calculated for each subset K as follows:58

γ
λ

= 1
K

K (15)

where λK is the smallest eigenvalue of S ̃KTS̃K and S̃K is the matrix with
columns sj̃ only for the parameters j in the subset K of interest. A higher
collinearity index indicates that parameters can offset each other’s effect
on η(θ), resulting in poor parameter identifiability.

Sensitivity and collinearity indices are computed for all cases for
analytical and “exact” numerical models. A full set of likelihood plots for
the numerical model was not produced because of the computational
requirements. Instead, Ohshima’s analytical approximations are
analyzed in full, using conditional and profile likelihood plots to
determine rigorous confidence intervals, which are then correlated with
sensitivity and collinearity measures. Conditional likelihood plots for the
numerical model are demonstrated for select theoretical cases and for
the experimental sets to confirm the correlations with sensitivity and
collinearity measures.

■ RESULTS AND DISCUSSION
Parameter Identifiability of the Analytical Model.

Parameter identifiability analysis was performed for the synthetic
parameter sets described in Methods. Likelihood plots for the
analytical model1 are shown in Figure 3. These plots indicate
whether parameters are identifiable when one, two, or three
parameters are fitted together. Using the profile and conditional
likelihood plots, cases were split into four groups by the
identifiability of layer thickness d, because determining d is the
primary focus of this paper. Only plots for d vsN and d vs 1/λ are

Figure 2.Hypothetical plots of (a) conditional and (b) profile likelihood
regions. The red point represents the best fit, and the black region
represents the likelihood region accounting for uncertainty in
measurements (all points where eq 9 is satisfied). Plots for λ−1 vs N
and d vs λ−1 (not shown here) are also created. In the conditional plot a,
λ−1 is held constant at its least-squares estimate. Sensitivity can be
deduced from the extent of the likelihood region. In the profile plot b,
λ−1 is fitted to produce the lowest RSS at each point (N, d), so the region
expands. Collinearity with λ−1 can be deduced from the shape of the
plot.
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shown here; plots of 1/λ vs N are provided in the Supporting

Information (Figure S-2). Plots are cut off at d = 100 nm, an

arbitrary but very large value for layer thickness.
On the basis of the likelihood plots alone, four groups can be

defined as follows. These groups will later be correlated to

physical properties of the coated particles.

• Group A: Layer thickness is identifiable (within 100 nm)
for the full three-parameter model. That is, profile
likelihood regions (Figure 3, group A(ii)), where all
parameters can vary, are bounded along d at allN and 1/λ.

• Group B: Layer thickness is identifiable for a 2-parameter
model, but not for a three-parameter model. Profile
likelihood regions (Figure 3, group B(ii)) are only
bounded along d if either N or 1/λ (or both) is fixed at
its true value, which can be observed by following the
extent of the likelihood region along a vertical line drawn
at Ntrue or 1/λtrue. Equivalently, one or both conditional
likelihood regions (Figure 3, group B(i)), where one
parameter is already fixed at its true value, are bounded
along d. This analysis assumes no error on N or 1/λ; if an

Figure 3. (i) Conditional and (ii) profile likelihood plots for representative cases in groups A, B, C, and D for the analytical model.1 Cases (Table S-1,
Supporting Information) shown are (A) case 66 (σsurf = 3× 10−3 C/m2,N = 1020 m−3, d = 10 nm, (λd)−1 = 0.2), (B) case 69 (σsurf = 3× 10−3 C/m2,N = 5
× 1024 m−3, d = 10 nm, (λd)−1 = 0.2), (C) case 109 (σsurf = 3× 10−3 C/m2,N = 5× 1024 m−3, d = 10 nm, (λd)−1 = 0.8), and (D) case 114 (σsurf = 3× 10−3

C/m2, N = 5 × 1024 m−3, d = 20 nm, (λd)−1=0.8). Red dots indicate θtrue(=θ̂); black regions indicate parameter sets with low RSS satisfying eq 10.
Discontinuities in regions are artifacts of the grid plotting resolution. Diagonal cutoffs in C(ii) and D(ii) are a result of the constraint d ≥ λ−1. In the
conditional plots, the parameter not shown on the axes is fixed at its true value; in the profile plots, it is allowed to vary. Groups A, B, and C systems are
defined such that the likelihood region is bounded in d within 100 nm upon fixing 0, 1, or 2 of the other parameters (N and λ−1), respectively. Layer
thickness is never identifiable for group D systems.
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erroneous value of N or 1/λ is chosen, d is not necessarily
identifiable.

• Group C: Layer thickness is identifiable only if bothN and
1/λ are fixed at their true values. Profile likelihood regions
are unbounded in d even when fixing N or 1/λ (Figure 3,
group C(ii)). Conditional likelihood regions are un-
bounded in d unless both are fixed (Figure 3, group C(i)).

• Group D: Layer thickness is never identifiable. Neither
profile nor conditional likelihood regions are bounded for
d, regardless of whether N and 1/λ are fixed (Figure 3,
group D).

The profile likelihood regions (Figure 3(ii)) are larger than the
conditional likelihood regions (Figure 3(i)) as expected,
especially for cases with poorer identifiability (groups B, C,
and D). In addition, the shapes of the plots show a nonlinear
correlation among the parameters N, d, and 1/λ. These
observations suggest collinearity among parameters. Because
the likelihood plots extend toward large d values, they also
suggest that layer thicknesses may be overestimated due to
identifiability problems (independent of physical accuracy) when
using the analytical model.
δmsqr (sensitivity) and γK (collinearity) indices are faster to

compute and simpler to analyze than likelihood plots. Because
likelihood plots are computationally intensive to produce for the
numerical model, the sensitivity and collinearity indices are first
correlated to the parameter identifiability from the likelihood
plots for the analytical model. We focus on sensitivity to d, δd

msqr,
and collinearity among all three parameters, γN,d,1/λ, in particular.
These indices are plotted in Figure 4 with groups A, B, C, and D

indicated. Computation of δd
msqr and γN,d,1/λ relies on linear

approximations, so these indices do not perfectly describe the
model, which is highly nonlinear. However, these measures tend
to correlate well with the groups defined above from the
likelihood plots. Groups A and B cases have the highest δd

msqr

values, indicating highest sensitivity to the layer thickness, d. All
group D cases have the lowest δd

msqr values, indicating that d will
not be identifiable for these cases regardless of whetherN and 1/
λ are known, because the model is insensitive to d up to 100 nm.
For these simulated cases, group D cases all have δd

msqr ≤ 0.005,
and group C cases have δd

msqr ≤ 0.009. For experimental cases,

the cutoffs for δd
msqr may differ because goodness of fit of the

least-squares estimate is considered. Groups are less clearly
distinguished by collinearity, but collinearity tends to increase as
δd

msqr decreases and identifiability of d worsens.
The sensitivity to d is plotted against N, d, and λ−1 to show

trends in identifiability with particle and coating properties for
σsurf = 3 × 10−4 (Figure 5). As N, d, and λ−1 increase,

identifiability in d becomes poorer. Higher magnitudes of σsurf
result in slightly higher sensitivity (Figures S-3 and S-4 in
Supporting Information). Limiting cases described by Ohshima1

are approached in the range of cases explored here and
interpreted in the context of model sensitivity to layer thickness.
First, it is noted that, for both the analytical and numerical

models, electrophoretic mobility depends only on N and λ−1 at
high ionic strength1,56,61 − that is, the second term in eq 3
dominates the electrophoretic mobility (in the analytical model).
Therefore, in understanding identifiability of d, the low ionic
strength data (where the Debye length is large) are most
important. Here, 5 mMwas the lowest ionic strength used (κ−1 =
4.3 nm at 298 K). For a nearly uncharged coating (e.g.,N = 10−20

m−3), the surface charge on the hard particle core sets the
potential profile around the particle, and the magnitude of the
potential decays toward zero within a few Debye lengths. Within
this region (e.g., for a thin layer, κd not≫1), the electrophoretic
mobility is sensitive to a shift in the “slipping plane” due to drag
imparted by the layer, so layer thickness can be identifiable. For
coatings with moderate to high N (typically group B to D cases),
neglecting polarization in the analytical equations used here,
sensitivity of the electrophoretic mobility to d is worsened
compared to the low N case, as the charge from the particle core
becomes obscured by the charge in the layer. Again, if the layer is
sufficiently thin, electrophoretic mobility can be somewhat
sensitive to d because the underlying hard particle surface
potential is still expressed to some extent toward the edge of the
layer and the Donnan potential is not attained within the layer.
As the layer thickness increases (κd≫ 1), the Donnan potential
is attained, and the underlying particle becomes unimportant.
Here, large layer thicknesses approach the limiting case of a
spherical polyelectrolyte (no hard particle core), for which the
electrophoretic mobility is independent of the size (“thickness”)
of the polyelectrolyte. These large layer thicknesses are likely to

Figure 4. Correlation of likelihood plot groupings to sensitivity and
collinearity indices for the analytical model.1 Sensitivity cutoffs
distinguishing B/C and C/D groups are estimated at δd

msqr = 0.009
and 0.005, respectively. Collinearity generally correlates inversely with
sensitivity, but distinct collinearity cutoffs distinguishing groups A/B/
C/D are not apparent for layer thickness.

Figure 5. Correlation of δd
msqr to polyelectrolyte parameters N, d, and

λ−1 for the analytical model,1 at σsurf = 3 × 10−4 C/m2. Darker colors
indicate poorer sensitivity. Model sensitivity to d decreases as N, d, and
λ−1/d increase. Trends are similar at higher surface charges, with slightly
higher sensitivity overall.
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be overestimated when fitting the analytical model, as observed
above in the likelihood plots for group C and D cases.
The trends in sensitivity to d observed here are consistent with

eqs 3−7. In all terms except f(d/a), d appears as exp(−d). For
thicker layers, d becomes less significant (changing d by 1 nm has
a lesser impact on exp(−d) at dtrue = 40 nm than at dtrue = 5 nm),
and the electrophoretic mobility thus becomes less sensitive to d.
As N and λ−1 increase, relative contributions of terms without d
increase (ue becomes increasingly dominated by the second term
in eq 3), so the impact of d on ue becomes less.
Collinearity indices indicate how much the three parameters

can offset each other’s effects on ue. No single critical value of the
collinearity index determines identifiability, but critical values
often lie between 5 and 20, and severe problems occur above
100.58 For the analytical model, collinearity indices γN,d,1/λ are
often >20, and all group C and D cases have γN,d,1/λ > 100 (Figure
4). Collinearity tends to be higher when sensitivity to d is low,
such that small changes inN or λ−1 can easily offset the effect of d
on ue. However, γN,d and γd,1/λ (not shown here) are typically <10
with some exceptions. Therefore, reducing the number of fitted
model parameters by fixingN or 1/λ improves identifiability of d
in groups B and C (Figure 3(groups B, C)) because collinearity
effects are lessened. Fixing both N and λ−1 removes collinearity
effects altogether, leaving only sensitivity effects.
Parameter Identifiability of the Numerical Model. To

compare the behavior of the numerical model with the analytical
model, sensitivity and collinearity indices were computed using
the exact, numerical electrokinetic model35 and are plotted in
Figure 6. The full set of indices for all cases is provided in the

Supporting Information. Comparison to the analytical model is
shown in Figure 7. Sensitivity indices were used for the analysis
because they were shown to correlate well with likelihood plots
for the analytical model. δd

msqr is similar between the analytical
and numerical models at low to moderate σsurf, N, and λ−1 as
expected, because polarization and relaxation effects are less
significant in this regime. At high σsurf, N, and λ

−1, sensitivity to d
is improved compared to the analytical model, although some
cases are still poorly identifiable. In this regime and at low ionic
strength (where d is most important), polarization and relaxation
effects, which are sensitive to d, significantly distort the double
layer from its equilibrium state, and the force on the particle due
to the charges becomes less dominant relative to the drag

imparted by the layer. In extreme cases, the shape of the ue vs I
curve can be reversed upon increasing d such that the magnitude
of ue is larger at high ionic strength than at low ionic strength.
Therefore, the electrophoretic mobility is more sensitive to the
coating thickness when polarization and relaxation are accounted
for in the numerical model.
Collinearity of the full set of parameters, γN,d,1/λ, is typically

lower for the numerical model than the analytical model,
although the majority of the cases analyzed here still have γN,d,1/λ
> 20 (Table S-1 in Supporting Information). Again, γN,d, γN,1/λ
and γd,1/λ are significantly lower. γN,d is often lower than γd,1/λ in
the numerical model, suggesting that λ−1 can be more important
to identify in order to determine d. Because direct measurement
of λ−1 is not possible on a particle, expressing λ−1 in terms of d
and adsorbedmass, or correlating λ−1 andN,51 can be explored to
improve estimates of d.
Conditional likelihood plots for the subset of d and N were

produced for select cases in Figure 8 to confirm that assessment
of identifiability is valid using the sensitivity indices, which make
linear approximations and were only fully compared to likelihood
plots for the analytical model. Groups A and B are not
distinguishable in these plots because one parameter is held at
its least-squares estimate. Despite using a linear approximation,
the likelihood plots tend to agree with predictions of
identifiability from the sensitivity indices. A notable exception
is that layers with very high charge density (1025 m−3 or 16.6
mol/m3) can have better identifiability of layer thickness than
suggested by δd

msqr, which is expected because polarization effects
become significant and linear assumptions made when deducing
identifiability from δd

msqr break down further.
For many studies, d is measured and (N, λ−1) is the parameter

subset of interest (Table 1). Parameter identifiability for N and
λ−1 is not discussed in detail here. Briefly, λ−1 andN typically have
better identifiability than d but can be poorly identifiable for two-
and three-parameter models. In contrast to identifiability of d
(which was primarily determined by sensitivity), collinearity
effects are also of importance for identifiability ofN and λ−1. The

Figure 6. Correlation of δd
msqr to N, d, and λ−1 for the numerical

model,35 at σsurf = 3 × 10−4 C/m2. Trends are similar to those for the
analytical model, except sensitivity is improved at high N and λ−1 where
polarization and relaxation are more significant.

Figure 7. Comparison of δd
msqr for the analytical1 and numerical35

models at σsurf = 3 × 10−4 C/m2. N is systematically increased from 1020

m−3 (cases 1, 6, 11, etc.) to 1025 m−3 (cases 5, 10, 15, etc.) for each layer
thickness. Layer thickness is systematically varied from 5 nm (cases 1 to
5) to 40 nm (cases 16 to 20). Systematic variation ofN and d in the first
third of the plot (cases 0 to 20) is repeated in the following sections
(cases 0 to 60). Green and red dashed lines show approximate sensitivity
cutoffs distinguishing groups B/C and C/D, respectively. Results for
higher surface charge densities are shown in Supporting Information
Figures S-3 and S-4. Sensitivity for the numerical model35 is improved
compared to the analytical model1 when polarization and relaxation
effects are significant (high N and λ−1).
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collinearity between N and λ−1 is apparent in the conditional
likelihood plots (Figure S-2 in the Supporting Information), and
agrees with physical expectations that increased drag in the layer
would compensate for higher charge. Plots analogous to Figure 4
are provided for N and λ−1 in the Supporting Information
(Figures S-5 and S-6). No distinct cut-offs are apparent to
determine identifiability; however, identifiability problems occur
primarily where γN,1/λ is high and δN

msqr or δ1/λ
msqr are low, as

expected. In the analytical model, identifiability worsens as N, d,
and (λd)−1 increase. Identifiability of N and λ‑1 should be
significantly better in the numerical model because collinearity
indices are lower. However, a plot of collinearity and sensitivity
indices suggests that λ−1 will be poorly identifiable for some
systems (Figure S-6); these points can be identified in Table S-1
and generally correspond to moderate to highly charged layers
(e.g., N = 1024 to 5 × 1024 m−3).
Parameter Identifiability Analysis of Experimental

Data. Parameter identifiability analysis was demonstrated
using experimental electrophoretic mobility data for PEG-coated
citrate-reduced-Au (15 nm primary particle diameter), PAA-
coated Fe3O4 (20−30 nm), and PSS-coated RNIP because of the
low model sensitivity (40 nm). The electrophoretic mobilities of
the bare and coated particles were measured over a range of ionic
strengths. The bare electrophoretic mobilities were used to
evaluate zeta-potentials by Smoluchowski’s theory, which are
inputted to the electrokinetic model. All bare particles in this
study had moderate to high negative charge at the pH used for
the measurement (electrophoretic mobilities of −4.73, −3.67,
and −3.29 μm-cm/V-s for citrate-reduced Au, Fe3O4, and RNIP,
respectively, in 4−6 mM NaCl). The coated electrophoretic
mobility data were fitted to obtain layer parameters using the
numerical model.35 The PEG used has a relatively small
molecular weight (1000 g/mol) with a short contour length
(<10 nm). The layer produced is uncharged and should be thin.
The PEG used was thiol-terminated, and it is expected that the

PEG attaches (chemisorbs) to the Au surface only at the thiol
end group to produce a dense layer (small λ−1). The PAA (MW
∼11 000 g/mol) and PSS (MW ∼70 000 g/mol) are longer
polyelectrolytes and are expected to form thicker layers
consisting of loops, trains, and tails. These layers will perhaps
be more permeable due to electrostatic repulsion between
charged segments. Their charge densities at the pH used, 8.5,
should be relatively high.
The least-squares estimates for the layer parameters obtained

for the three data sets are provided in Table 2. These estimates

are in agreement with expectations. Electrophoretic mobility data
and fits are shown in the Supporting Information. For PEG, the
parameter fitting was performed holding N at 0, although effects
of varying N can still be probed in the likelihood plots. It is also
possible to fit the data without specifying N, and similar results
are obtained for d and λ−1. Considering the theoretical analyses
presented earlier and the properties described above, the PEG-
coated Au particles are expected to have good (group A or B)
identifiability, and PAA-coated Fe3O4 and PSS-coated RNIP are
expected to have poor (group C or D) identifiability,
respectively.
Statistical analysis of identifiability was then performed.

Overall model sensitivity (δmsqr summaries) and collinearity
indices are provided in Table 3. Sensitivity to d is relatively high
for PEG-coated Au (δd

msqr = 0.24), near the group B/C cutoff for
PAA-coated Fe3O4 (δd

msqr = 0.011), and in the group D range for
PSS-coated RNIP (δd

msqr=0.0045). These indices suggest that

Figure 8. Conditional likelihood plots using the numerical model for (a) case 24 (σsurf = 3 × 10−4 C/m2,N = 5 × 1024 m−3, d = 10 nm, (λd)−1=0.5); (b)
case 99 (σsurf = 3× 10−3 C/m2,N = 5× 1024 m−3, d = 40 nm, (λd)−1 = 0.5); (c) case 74 (σsurf = 3× 10−3 C/m2,N = 5× 1024 m−3, d = 20 nm, (λd)−1 = 0.2);
and (d) case 75 (σsurf = 3× 10−3 C/m2,N = 1025 m−3, d = 20 nm, (λd)−1 = 0.2), which are expected to fall in groups A/B, C, D, and D, respectively, based
on sensitivity indices. The plots confirm that the sensitivity indices (correlated to grouping using the analytical model) are adequate to assess
identifiability of d for the numerical model, except at the highest charge density (N = 1025 m−3). Sharp edges on regions are artifacts of drawing regions
on lower resolution plots.

Table 2. Least Squares Estimates for Experimental Cases

system N/NA (mol/m−3) d (nm) 1/λ (nm)

PEG-coated Au 0 (known) 2.1 0.2
PAA-coated Fe3O4 11 15 5.3
PSS-coated RNIP3 19 14 4.2
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the model is identifiable in d for PEG-coated Au but not for PAA-
coated Fe3O4 or PSS-coated RNIP. In addition, the collinearity
indices suggest that collinearity between d and λ−1 can be
problematic for PEG-coated Au, whereas identifiability may be
poor whether either N or λ−1 are fixed (measured) for PAA-
coated Fe3O4 and PSS-coated RNIP because of the low model
sensitivity.
Conditional 95% and 80% likelihood plots are shown in

Figures 9, 10, and 11 for PEG-coated Au, PAA-coated Fe3O4, and

PSS-coated RNIP, respectively. For these experimental cases,
these plots do not assume a fixed (e.g., 4%) relative error on ue as

in the simulated cases (eq 10); rather, the likelihood region is
defined using the goodness of fit and the number of data, as
specified in eq 9.
PEG-coated Au and PAA-coated Fe3O4 plots agree with

expectations from their sensitivity indices. For PEG-coated Au
particles (Figure 9), the 95% likelihood region is bounded in d
(within 100 nm) as for group A or B cases, although the range
extends to ∼40 nm in d when accounting for error of the best fit
and the number of ionic strengths used (six). Here, the criteria
are stringent (that is, the right-hand side of eq 9 is large)
compared to eq 10. However, the 80% likelihood region is
bounded within a small region (to 8 nm in d). Including data at
additional ionic strengths would further improve confidence.
Collinearity between d and λ−1 is shown to be important as
expected, whereas possible variations in N are unimportant
within the range shown.
Conditional likelihood regions are plotted in Figure 10 for

PAA-coated magnetite. The 95% likelihood region for d vs N is
not bounded in d within 100 nm unless N is fixed (the region for
d vs λ−1 is perhaps bounded within ∼90 nm). The 80% region is
smaller but still extensive (to∼30−40 nm in d). Therefore, PAA-
coated magnetite is a group C case, as predicted.
PSS-coated RNIP is predicted to be a group C or D case from

the sensitivity index alone. However, because of its high charge
density (18.8 mol/m3), polarizability becomes significant and the
95% and 80% conditional likelihood regions are bounded to∼30
nm in d. This is similar to the results observed for theoretical
cases with N = 1025 m−3 (Figure 8(d)). However, fixing both N
and λ−1 would not be as helpful for PSS-coated RNIP as for the
other two cases due to the poor sensitivity to d; that is, the
potential for improvement of the confidence in the layer
thickness estimate is less. In summary, identifiability of the
experimental cases shown here agrees with expectations from the
theoretical analysis.

Suggestions for Uncertainty Analysis of the Soft
Particle Electrokinetic Model. The statistical analyses
presented are suggested to assess whether the (numerical) soft
particle electrokinetic model can be used to determine layer
parameters with high certainty for an experimental system. As a
coarse analysis, results shown for the set of simulated cases can be
used to determine whether parameters are statistically
identifiable using the model: given a priori knowledge about
the layer thickness and charge, or upon obtaining the least-
squares estimate from a set of electrophoretic mobility data,
rough interpolation on Table S-1 can indicate parameter
identifiability. General trends for identifiability of coating types
are summarized in Table 4. For further analysis, sensitivity and
collinearity indices may be easily computed for the case of
interest to indicate identifiability. These indices will also suggest
whether parameter reduction (by independent measurements)
will improve identifiability. Likelihood plots are required for a
rigorous analysis. Profile likelihood plots are computationally
intensive to produce when using the numerical electrokinetic
model. However, conditional likelihood plots can be produced to
determine identifiability of any system of two fitted parameters,
and other parameters (if measured) may be fixed at their mean
value ± uncertainty to determine their effect.

■ CONCLUSIONS
Parameter identifiability analysis by conditional and profile
likelihood plots for the three-parameter analytical soft particle
electrokinetic model was performed for systematically varied
cases of coated particle systems, and coating properties were

Table 3. Overall Sensitivity and Collinearity for Experimental
Cases

δmsqr summaries γK collinearity indices

system δN
msqr δd

msqr δ1/λ
msqr γN,d,1/λ γN,d γN,1/λ γd,1/λ

PEG-coated
Au

0.12 0.24 0.10 40 1.3 1.3 39

PAA-coated
Fe3O4

0.076 0.011 0.27 127 9.5 124 9.3

PSS-coated
RNIP3

0.036 0.0045 0.31 73 2.1 63 2.1

Figure 9. The 95% and 80% conditional likelihood regions for PEG-
coated Au, a group A or B system. The 95% regions are shown in black,
and the 80% regions in gray. Sharp edges on regions are artifacts due to
drawing regions on lower resolution plots.

Figure 10. The 95% and 80% conditional likelihood regions for PAA-
coated Fe3O4, a group C system.

Figure 11. The 95% and 80% conditional likelihood regions for PSS-
coated RNIP, a group A/B system. Sensitivity indices predicted a group
D system, but the likelihood region is significantly smaller due to
nonlinear polarization effects not captured in the sensitivity index.
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correlated to identifiability of the layer thickness. Identifiability in
the analytical model correlated well to sensitivity indices,
suggesting that a quick sensitivity calculation can be a good
surrogate for full likelihood plots for this model. In general,
identifiability of the layer thickness is poorest for thick, highly
charged layers with high permeability. For the exact numerical
electrokinetic model,35 identifiability was similar except at high
charges and permeability, where polarization and relaxation
effects yield improved identifiability of layer thickness in contrast
to the analytical model. However, a broad range of identifiability
is still obtained for the range of cases analyzed here. The results of
this study and the application of identifiability analysis to future
studies will clearly indicate systems for which external measure-
ments, such as dielectric spectroscopy suggested by Hill et al.60,61

or AFMmeasurements suggested by Duval and Gaboriaud,63 are
necessary. Implications of this analysis may be considered in the
context of uncertainty in alternative measurements. Notably, for
thin or low charge layers, and for some very highly charged layers
(with strong polarization effects), identifiability of layer thickness
is good. The analysis suggests that, for samples within these
regimes of layer properties, the electrokinetic method may be
used without external measurements to determine layer
thickness.
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